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Abstract: In this work, we show the viability of an
Arbitrary Lagrangian Eulerian approach in a large defor-
mation setting with contact by applying it to the example
of a falling elastic ball. In the presented method the mesh
motion is realized by solving an additional nonlinear
harmonic equation, whereas discretization is achieved
by finite differences in time and by a Galerkin finite el-
ement method in space. The resulting system of non-
linear equations is solved by application of a Newton-like
method. In a computational analysis with two param-
eter sets, we investigate the behavior of the elastic ball
for different mesh refinements and time step sizes. Our
results show the ALE method with proper choices of mesh
refinement and time step size is indeed capable of simu-
lating the falling elastic ball. Moreover, it provides results
that are overall comparable to a fully Eulerian approach.

Keywords: Finite Element Method, Fluid-Structure
Interaction, Arbitrary Lagrangian Eulerian, Falling Ball
in Viscous Fluid

1 Introduction

The exchange between fluids and solids plays a key role
in modeling and analysis of many natural phenomena.
Therefore, fluid-structure interaction (FSI) is applied
in numerous fields in industry and biomedical engi-
neering, see e.g. [8, 25, 27]. An introduction into fluid-
structure interaction can be found in classical mono-
graphs and textbooks, see [14, 29].

One of the main difficulties in the mathematical de-
scription of such problems lies in the choice of an ap-
propriate coordinate system and dealing with the inter-
face between the fluid and the structure. This results
from the fluid equations being formulated in an Eule-
rian system, whereas the solid equations are defined
in Lagrangian coordinates in their respective natural
settings. As a direct consequence, modeling the infor-
mation transfer on the interface between those different
systems poses further challenges. Moreover, deformable
objects can come into contact with each other resulting
in changes to the topology of the computational domain
and nonlinearities [6]. To this end, different frameworks
have been developed, such as the Arbitrary Lagrangian
Eulerian (ALE) method [10, 24], fictitious domain meth-
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ods [19], immersed boundary methods [26], and fully
Eulerian methods [11].

In this paper, we concentrate on an ALE approach
and its application to the simulation of a falling elas-
tic ball surrounded by a Newtonian fluid. We utilize a
harmonic mesh motion PDE including a monitor func-
tion combined with a monolithic formulation, in which
all occurring equations are solved simultaneously [5].
While this coupling introduces additional nonlinearities,
the interface conditions, i.e. the continuity of the veloc-
ity and the normal stresses, are automatically fulfilled at
each time step [13, 36].

The falling elastic ball is part of benchmark computa-
tions [35] and is also discussed in [12, 15]. It serves as
an example for the combination of fluid-structure inter-
action and contact, which is subject of several research
papers [2, 4, 31]. When the solid comes into contact
with another solid or an exterior wall, like in the case
of the falling ball, numerous numerical difficulties arise
such as a change in the topology of the fluid domain
and the Navier-Stokes no-collision paradox [22]. In our
calculations, we will observe that a thin fluid layer al-
ways remains between the ball and the lower boundary
due to the ALE approach, so any contact conditions are
negligible. Furthermore, different extensions giving a
physical meaning to this remaining fluid layer have been
made [7, 16].

Von Wahl et al. [35] describes the application of dif-
ferent computational methods, such as ALE and fully
Eulerian coordinates, to the falling ball and compares
the results to experimental data. However, in that case
contact and rebound of the ball are not realized in ALE.
Frei et al. [15] focuses on the computational analysis
of a fully Eulerian approach to the falling ball, whereas
Fara et al. [12] employs an updated ALE method with
re-meshing. In this paper, we provide a computational
analysis of an alternative ALE approach, which utilizes
a monitor function instead of re-meshing for improved
mesh quality and is based on the work of Wick [37].
Therein, the goal is to achieve contact and rebound of
the ball, thus proving the viability of the method in a
large deformation scenario with contact. This setting is
very challenging for ALE as the determinant of the de-
formation gradient tends to zero in the contact region.
A good choice of the monitor function keeps a positive
determinant allowing the ALE approach to continue to
run.

The outline of this article is as follows. In Section 2,
we describe the geometry of the falling elastic ball and
formulate the PDE systems required to model the fluid
as well as the solid. Moreover, we apply the transfor-
mations necessary to combine both systems in a mono-

E Stahlhuth, C. Hergl, T. Wick 39

0.08 Tiop
T
hg =0.039 @
————————— 7=0.011
I
I
I
I
1
I
|
0 1
~0.04 0 0.04
1Hbot

(a) Initial configuration of the (b) Mesh for the initial configura-
falling elastic ball as in Frei  tion of the falling elastic ball
et al. [15]. with 1728 DoFs generated us-

ing Gmsh [17].

lithic approach. Next, we discretize and linearize the
resulting system in Section 3. Having completed all the
preliminary steps, we conduct numerical simulations
in Section 4 and discuss our findings in two parame-
ter studies. First, we set the physical parameters as in
Frei et al. [15] and compare the results obtained with
our ALE method to the fully Eulerian calculations. As a
second example, we adjust the parameters in order to
increase the dynamic of the system. Finally, in Section 5,
we summarize our work and give concluding remarks.

2 Geometry and PDE Systems

In this section, we cover the geometry of the falling elas-
tic ball in its initial configuration and introduce the
systems of partial differential equations for the fluid
and the solid. Moreover, we derive the weak forms with
the corresponding function spaces, transform the fluid
equations into the reference configuration by means of
the ALE mapping and combine the resulting equations
in a monolithic approach. The PDE systems as well as
the overall procedure are in alignment with the work by
Wick [37].

2.1 Geometry

We consider a square-shaped domain with side length
0.08 m as in Frei et al. [15]. Inside the domain, the elastic
ball with radius r = 0.011 m is positioned at the center
with an initial height #; of 0.039 m. The remainder of
the square is filled with an incompressible Newtonian
fluid. This situation is illustrated in Figure 1a.

We assume the domain Q(¢) < R’ to be time-dependent
and split into two subdomains Q;(¢) for the fluid and
Q, (1) for the solid. The interface between the fluid and
the solid is defined as:

T(£) := 0Q4(1) N OQ(1).
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We also denote the upper exterior wall by I'y,,(2), the
lower exterior wall by I'y,, (#) and the entire outer bound-
ary by I'(¢). Moreover, we refer in the reference (i.e. the
initial) configuration with Q; or Q respectively to the
subdomains and with T}, ftop, T},or and T to the initial
interface and outer boundaries as highlighted in Figure
la. For the time interval we define t € I = [0, T].

2.2 PDE Systems — Strong Form

We formulate the systems of partial differential equa-
tions for the fluid as well as the solid in strong form.
We begin with the fluid by considering the incompress-
ible, isothermal Navier-Stokes equations. Afterwards,
we introduce the elasticity system for the solid.

Problem Statement 1 (Incompressible, Isothermal Navier-S-

tokes Equations). Find a vector-valued velocity v;: Q(1) x

I — R? and a scalar-valued pressure pe: Q) x I =R
such that:

0 Vs +ps(Wp-VIvg—V-or=pefy  InQp(t) x 1,
V-rg=0 in Q) x I,
v=0 on (T(0\Tyop (1)) x 1,
(Vf)y:O onT,, (1) x 1, W
(o¢n),, =0 on Ftop(t) x 1,
vi=vf  inQ0)x (0},

where p; denotes the density of the fluid, f; the external
force acting on the fluid, n the outer normal vector, and
v{ : Q4(0) — R? initial values. The Cauchy stress tensor
o; for a Newtonian incompressible fluid, i.e. the density
of the fluid is characterized as constant in time through
V-v; =0, is defined as:

0= —pr-'r prf(VVf-FVVfT)

with the identity matrix I and the kinematic viscosity v;
of the fluid. In addition, we use the notation

pe(vg-VIvp = pe(Vry) vy

Isothermal denotes the property that there is no change
in temperature during the observed process.

The first boundary condition of Dirichlet type is re-
ferred to as the no-slip condition. The second boundary
condition (o¢n), = 0 is a variation of the classical do-
nothing outflow condition on = 0, which appears natu-
rally on the variational level. While other conditions are
also applicable, we make this choice since it includes a
pressure normalization, see [21]. This is necessary due
to only the gradient of the pressure p appearing in the
Navier-Stokes equations. Hence, p is only defined up
to a constant and with the normalization on the upper
boundary we obtain pressure uniqueness. We note that
the fluid equations are formulated in a time-dependent
setting i.e. in Eulerian coordinates.
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Problem Statement 2 (Elasticity System). Find a vector-
valued displacement i : Q x I — R? such that:
{ﬁsaiﬁs_ﬁ’(ﬁzs):ﬁs?s inﬁsxl’

in Qg x {0},

it = i
where p, denotes the density of the solid, f‘s the external
force acting on the solid, ﬁg Qg — R initial values and
F := I + Vii the deformation gradient. £ is the second
Piola-Kirchhoff tensor for Saint Venant-Kirchhoff (STVK)
materials. It is defined as:

3, = AJ(trE) I + 2 E.

R =T =
Therein E := %(F F —I) connotes the Green-Lagrange
strain tensor and A, y, the Lamé parameters.

STVK materials are characterized as isotropic and ho-
mogeneous. However, STVK is suitable for small strains
only. Note that, in contrast to the fluid equations, the
elasticity system for the solid is formulated in the ref-
erence configuration, i.e. in Lagrangian coordinates.
Furthermore, we notice that the solid equations can be
reduced to a first order in time system by introducing
the velocity vy.

Problem Statement 3 (Elasticity System — Mixed Formu-
lation). Find a vector-valued displacement i : Qg x I —
R* and a vector-valued velocity D Qx T — R* such
that:

P50,V -V (ﬁis) = ﬁs./fs in f\zs x1,
0,0~ D=0 in Qg x I,
0 oA (2)
U, = U in Qg x {0},
V=10 in Q x {0},

with initial values 172 Qg — R? and all previous defini-
tions.

In the statement above we prescribe no boundary con-
ditions for the solid equations since the only boundary
of Q, is the interface between the fluid and the solid do-
main, see Figure 1a. However, we require two coupling
conditions on the interface, which can be stated in the
reference configuration as follows:

{ V=7
e om T 3)
Fxn,+JosF 1n:;=0

where J = det(F) and #ig, 7i; denote the outer normal
vector as seen from Q) and Q; respectively.

The first condition of Dirichlet type is referred to as
the kinematic condition and the second of Neumann
type is called dynamic condition. We will see that these
conditions are automatically fulfilled on a variational
level with our monolithic approach.
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2.3 Function Spaces

In order to derive the weak forms of our previously
stated systems, we first define the function spaces for
all considered quantities, as done in classical PDE litera-
ture, e.g., [39].

We denote a scalar product on a Hilbert space X as
(-,-)x and use the notation -, -);x for the scalar product
on the boundary. By LPQ),1< p < oo, we refer to the
standard Lebesgue spaces, which consist of measurable
functions f that are Lebesgue-integrable to the p-th
power. By considering the norm ||-ll;», (L”(Q), Il ;»)
forms a Banach space and for p = 2, the Sobolev spaces
H™(Q) := W™?(Q) are Hilbert spaces with norm |- o
For functions u € H™(Q) with zero trace on some part
of the boundary I'y  6Q2 we define

HY? (@)= {ue H™©): ulr, =0}

2.4 PDE Systems — Weak Forms and
ALE-Transformation

The derivation of the weak forms follows the usual pro-
cedure: 1) Define the function spaces for all solution
variables. 2) Multiply with a test function, integrate over
the domain and employ integration by parts.

We showcase this process by example of the Navier-
Stokes equations and begin by defining the function
spaces for the vector-valued velocity v; and the scalar
valued pressure py for a fixed ¢ € I using the spaces from
Section 2.3:

b= (w0 (v9),) € Hivp, (©Qp) x HE @y,
pr€ L2(Qy).

We here omitted the time variable ¢ for simplicity. Never-
theless, we still consider the fluid domain Q; to be time-
dependent. As usual, we include all Dirichlet bound-
ary conditions into the function space and choose the
regularity of the solution functions with respect to the
required derivative information. We now multiply the
Navier-Stokes equations (1) with a test function and in-
tegrate over the fluid domain Qg:

Let te I, @ = (@), (®"),) € Hi\p, (@) x H}(©p),

@" € L*(Qy) be arbitrary. It holds:

fpfatvftl)”dx+fpf(vaV)vftI)de—vaafCI)"dx:fpfffd)”dx,
O Qf Qf Qf

We remark that in the above equation and in the follow-
ing we omit for simplicity the dot denoting the scalar

E Stahlhuth, C. Hergl, T. Wick 41

product between two vectors, i.e. terms like 9, v;®" are
to be interpreted as 0, v;- ®".

The next step is to apply integration by parts to the
third term:

fV-aft‘I)”dx:fzrfn(D”ds+f¢rfnf(D"ds—f¢rf:V(Dde.
o T I; o

Here o; : V®' denotes the Frobenius inner product.
We notice that on all parts of the outer boundary and
for both components it holds either ®” = 0 or o;n =
0. Hence, the integral over the outer boundary van-
ishes. With these calculations, we can now formulate
the Navier-Stokes equations in weak form.

Problem Statement 4 (Navier-Stokes Equations — Weak
Form). For almost all (in a Lebesgue sense) ¢ € I, find

V€ H%\Fmp (Qp) x H% (Qp) and p; e I? (Qy) satisfying v;(0) =
v? such that:

fpfatvfdlvdx+fpf(vf-V)foDde+f0'f:th)”dx

Q¢ Q¢ Q¢
_fofnftbvds:fpfffcbvdx, @)
N Q¢

fvuf@”dx:o,
Q¢

forall ®” € Hyyp, (Qp) x Hp(Qp), ®F € L*(Qy).

By the same means we can derive the weak form for
the equations of the elasticity system (2).

Problem Statement 5 (Elasticity System — Weak Form).
~ \2 ~ \2
Foralmostall t € I, find i, € (H1 (Qs)) and v € (LZ (QS))

satisfying 7 (0) = %. and ¥(0) = 9 such that:

forall ®" ¢ (H' (QS))Z, 3’ e (LZ(QS))2.

We couple these variational formulations via a mono-
lithic approach in the ALE framework. Therefore, we
introduce the vector-valued fluid mesh displacement ;
and the ALE mapping </ in order to transform the fluid
equations into the reference configuration, a procedure
first introduced by Hron and Turek in [23].

The construction of #; is driven by the motion of the
interface and thus fulfills #; = 7, on T;. Note that this
implies the following kinematic coupling condition on
I
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Moreover, we restrict any motion of the exterior walls by
setting ¢ = 0 on the entire outer boundary T apart from
the upper and lower exterior wall. There we prescribe
Neumann boundary conditions for the x-component
of u; instead. The movement of the interface is then
extended into the entire fluid domain by means of an
auxiliary problem, a so-called mesh motion PDE (MM-
PDE). In our case we consider a harmonic model which
reads as follows:

—V 0 esh =0 inQpx 1,
=0, onT;xlI,
) =0 onT\ (ftop Ul X1, (6)
(@), =0  onTypUThe 1,
V(iip) i =0 on Typ, UTpo x I,

where & .4, = @, Vii; with a monitor function a,, :=
a, (%) that we will specify later on. The weak form of
the MMPDE can be derived by the same procedure we
have already seen for the Navier-Stokes equations in (4).
As aresult of the chosen boundary conditions, only the
boundary integral on the interface remains.

Next, we introduce the ALE mapping .

Definition 6 (ALE mapping). The ALE mapping is de-
fined as follows:

oA Opx I—Qut), AR, 1) =+WE,1). (7)

We assume < to be a C'-diffeomorphism, i.e. sufficiently
regular to apply change of variables. Furthermore, we
define:

F=Ved =TI+ @ﬁf, 7= det(E),

where the definition of the deformation gradient F in
ﬁf corresponds to the notation in ﬁs, see equation (2).
For a function f € C' (Q; x I, R?) we denote the ALE time
derivative by

PN d ~

o, f=—1F.

J==7
Using this mapping in combination with change of
variables, we can now transform the fluid equations
into the reference configuration. To this end, we first
provide some transformation rules which are proven

in [29, Lemma 2.3]. We repeat the theorem here for
convenience of the reader.

Theorem 7 (Transformation rules). Let f € Cl(Qf(t) x
I, [Rz) be a function in Eulerian coordinates, o the ALE
mapping and f &, t) = f(4 (X, 1), 1) € Cl(ﬁf x I,R%) the
function in Lagrangian coordinates corresponding to f.
It holds:

ana—1

) VF=VfF ",
ii) b\t.?:at./f“‘?_l(atﬁf'@)?-
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We consider the Navier-Stokes equations in weak form
(4) term by term and apply change of variables with the
previously shown transformation rules:

fpfatv@”dx:fﬁff(ﬁtﬁf—(Tv‘la,af-@)ﬁf)a”df

o O

where we utilized transformation rule ii).

fpf(l/f'V)Vf(Dde:fﬁfj\(?_l/ﬁf'ﬁ)/ﬁféyd.’f,
O Q

which includes transformation rule i).

faf:v(bvdx=ff0'fl?_T:§(f)vd?c,

Qy [oN

fafnfd)” ds= ffaff‘_Tﬁf&)v ds,
N T
in which we used Nansons’s formula: nds = JF ' i ds.
The right hand side of the first equation is transformed
directly by change of variables without the need for fur-
ther rules, which is why we omit it here. Finally, we turn

to the incompressibility condition:

fv- v ®P dx = f]Mv (F'9pdP dz,

Qf ﬁf

where we utilized V - v; = tr(Vvy), transformation rule
i) and that the trace is invariant under cyclic permuta-
tions.

With these computations, we can now state the trans-
formed Navier-Stokes equations in the reference config-
uration.

Problem Statement 8 (Transformed Navier-Stokes Equa-

tions). For almostall € I, find v; € H%\fmp (ﬁf) X H% (ﬁf)

and p; e I? (Qy) satisfying D4(0) = ﬁ? such that:

/ﬁfﬁtﬁf‘f’vdeffﬁff(ﬁ_l(ﬁf—atﬁf)ﬁ)ﬁfﬁyd?c
o &
+ f Jo BT 98 dx- f JoF Tad’ ds= f pIf®" dz,
ﬁf fj ﬁf
fﬁ-(ﬁ‘lﬁf)ép az =0,
&

forall ®’ € H. -

_ L sy x
fir,, @0 x Hy(@), &7 € 1@y,
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At this point, the elasticity system in weak form (5),
the transformed Navier-Stokes equations (8) and the
MMPDE (6) are defined in the same coordinates. Hence,
we can couple them with a monolithic approach. This
is justified due to the kinematic condition and the defi-
nition of 7

Vi=v,onTl;and ;=1 onl;.

We also extend the pressure discontinuously into the
whole domain by setting it to zero in Q.

Moreover, we are now able to define the control pa-
rameter a, (%) := aJ ', where a is a constant factor. This
strategy was proposed by Tezduyar et al. [32] and fur-
ther developed by Stein et al. [30]. Furthermore, it was
intensively utilized in [38] for a computational analy-
sis of the Turek-Hron FSI benchmarks [34]. As T is the
determinant of the deformation gradient, it is directly
related to the mesh deformation and in particular as-
sumes small values for large deformations. By choosing
the control parameter a,, as the inverse of J, we there-
fore put stronger emphasis on the mesh motion PDE in
large deformation cases guaranteeing satisfactory fluid
mesh quality.

This allows us to formulate our final variational mono-
lithic ALE-FSI problem by additively combining the first
equation of the Navier-Stokes equations and the first
equation of the elasticity system into one expression.
The same procedure is applied to the MMPDE and the
second equation of the elasticity system. In the follow-
ing we abbreviate the integrals with the L? scalar prod-
uct and the notation introduced in Section 2.3. Addition-
ally, we simplify the definition of the function spaces:

7= HL

f\F,, (Q) X HA(Q) 7!

1A
r\(rtopurbot) (Q) X Hf (Q)

Problem Statement 9 (Variational Monolithic ALE-FSI
Problem) For almost all ¢ E I, findve 770 ue 771 and
pe I? (Q) satisfying 7(0) = 7% and 1(0) = 1 such that:

BJ0,0,8" )5 + (P JF ' (0-0,0)-9),8")

S, ©)
)g, + O fe® g

f
Va, Vo

v

forall®” e 7°, @ € 7', ®” € [2(©). In short we also
denote this system by

A, 1, p)(®) = F(®). (10)
Here ® = (®",®", ®”) denotes the test functions, all left
hand side terms are collected in the semi-linear form A
(i.e. Ais non-linear in (0,1, p) but linear in ®) and all
right hand side terms are summarized in F.
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Note that the interface integrals cancel out with the
dynamic coupling condition, see equation (3):

f P3.0,8" ds+ [ Jo b Tad’ ds=0

T.

1 £
Together with the continuous extension of 7, this en-
sures that both the kinematic and the dynamic coupling
condition are already fulfilled. Hence, no adjustments
in the solution algorithm are required to account for
them.

Having stated our final equation system, we now turn

to its discretization and linearization.

3 Discretization and Linearization

For the discretization and linearization we proceed as in
Wick [37]. We first apply the Rothe method to discretize
in time and space. This results in a non-linear equation
system, which we will linearize by means of a line search
Newton method.

3.1 Discretization — Rothe method

The Rothe method consists of two steps: 1)Apply finite
differences in time. 2) Discretize in space with Galerkin-
FEM.
More precisely, we employ a one step-6 scheme in time,
which allows us to switch between different time-stepping
schemes later on by adjusting the parameter 0, see [33].
We begin by uniformly decomposing the time interval
I=1[0,T] into Ny intervals with time step size k = NlT in
order to obtain the time discretization:

0 = tO < tl <
In = [tn—l’ tn]’ tn -

"<tNT:T,

t,_1=k forallmnefl,..., Nz}

Given a solution ("1, @1, p" 1) at time step 1,,_;,
we calculate the solution of our variational monolithic
ALE-FSI system (10) at the next time step by solving

Ar@", 0" w" w" (@) + k0A, (0", 7", ) (@)
+k(1-0)A@" L a" " p" (@) = F(@®@),

where we collect all terms of A with a time derivative
in A;. On the other hand, 4; as well as Ay, contain all
remaining terms at the current or previous time step
respectively.

We showcase this process by two examples and begin
by considering the first term of our ALE-FSI problem (9).
Therein, we replace the time derivative by a difference
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quotient and then multiply with the time step size k.
This leads to the following:

~n—-1\ RV

PSS 1 1y
(PeJ0,0,®")g — (pfi(f" +7H@" -

Note, that the additional time discretization of farises
as we deal with a non-linear time derivative. As a second
illustration, we consider the fifth term of our problem
statement (9) containing the solid tensor:

(F2,V0")g — kO(F"2{, V") +k(1-0)(F" ("

, 6&)”)@8 .
This shows how each term is split into an implicit and
an explicit part. We remark at this point that the terms
resulting from the incompressibility condition, the MM-
PDE as well as the pressure terms are treated fully im-
plicitly to improve temporal stability [28, p. 284].

Having discretized our system in time, we now turn
to the spatial discretization and apply a conforming
Galerkin-FEM method. We begin by choosing a spatial
mesh for the initial configuration illustrated in Figure 1a
and corresponding discrete function spaces for the test
and trial functions:

~0 =~0 =1 =1 ~2 ~
VoV, Vyc¥ and 7;cL*@).
Next, we consider basis functions of these finite dimen-
sional spaces, e.g.:
Bl :={®y ,,..., @y, ,} with dim77g = m and span(By) = 77ﬁ.
This allows us to define our discrete solution variables
n_ =0 p o1 2
v,EVyL uy eV, and pyevy

by writing them as a linear combination of the basis
functions, e.g.:

m
~n _ ~n U ~Nn
UL =) Oy ®Phi UhER
izl

As we apply a conforming FEM method, the test func-
tions are chosen from the same function spaces as the
trial functions. Moreover, it suffices to consider only
the basis functions as test functions since our ALE-FSI
system (9) is linear in @, " dP).

Summing up, we obtain the discretized problem to
our abbreviated Variational Monolithic ALE-FSI system
(10).

Problem Statement 10 (Discretized Variational Mono-
lithic ALE-FSI Problem). For all time steps n€ {1,... Ny},
wn 0 g ol n 52
find o}, € ¥y, 6y, € ¥y, and py, € ¥y, satistying the initial
conditions 7, = #° and @, = #° such that:
Ar@p, oAl al (@) + kOA, @], a4, B (®y)

BA 4 ah-1 ~n—-1 ~n-1y,5/ (11)
=F(@,)-k(1-0)A; @] @), pL (@)

forall&)hEB}’fxBfl‘xBf:.
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This discretized problem is at each time step a system
of non-linear equations for the coefficients 7y ;, &, ;
and ﬁﬁi, which we will now solve by means of a Newton
method.

3.2 Linearization — Newton Method

In order to linearize the discretized system (11), we ap-
ply a Newton-like method. For simplicity, we redefine
the left and right hand side:

A (@) = Ar@f, o ap,ap ) (@y) + kOA (D], @, i) (@)
G(@®) = F@p) - k1 -0A@r L al ™, i H@y)
where Uy, = (0], ], pp).
So in short, we now consider

A7) (@) = G@y), forall ®, € BY x B x BY.  (12)

The Newton-like method for this problem is defined as
follows:
Given an initial solution lAIﬁ'O at the time step n, we solve

A0, @) =-A0]7) @) + G@y),
=n,j+1

TGRS 7 U Py 7 (9
R h o

for j =0,1,... until the infinity norm of the residual

n,j+1

RO,

n,j+1

)= A7) (@) - G(@y)

is smaller than a given tolerance or the given maximum
number of Newton steps is reached.

Here the directional derivative A’ is realized with a
Gateaux derivative and A € (0,1] is a damping factor
resulting from a line search along the newton step. We

now consider both in more detail.
The Gateaux derivative of A reads:

A@) 6, ®y) = %ﬁ(f]ﬁ'i +e8U17)(@y) ~oae
=
Using this formula, the directional derivative A’ can be
directly calculated. Moreover, we derive from the for-
mula that regular differentiation rules such as the prod-
uct rule for non-linear terms or the chain rule, e.g. for
77!, hold in a similar fashion. In order to simplify the
derivation, we show some identities for frequently ap-

pearing terms.

Theorem 11 (Linearization rules). With all notations as
previously defined and discarding indices for simplicity
it holds:

i) F'om=vou,

i) GF Yo =| 2Ol 008y

-0,6u, 0.6u,
i) 70w = Ju(F Vo), R R
N sy = —LemFg-l, 1| 0,08, —0,00
iv) (F7'Y(om = LORTF" 4+ 1 Som, dom,
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Proof. i): This follows from F = I + Vii and the formula
for the Gateaux derivative in equation (14).
ii): We obtain this identity from equation (14) and

1+0,u, —616 v |
1+0,u,

o T
JE ~ =] 57,
—0,u,

iii): Apply Jacobi’s formula to equation (14).
iv): This holds since:

y _61 x|
u 1+0,u,

13—1

1+0
)

1[1+3,a,
J x%y

Then the result follows from equation (14) with the prod-
uct rule and the chain rule for f_l. O

We illustrate the linearization by example of the term
coam—ls-T . .

JVOF F ~,whichispartof the transformed fluid stress
= =T L o
tensor JoF . For simplicity, we neglect the indices for
time and Newton step as well as the density p; and the
kinematic viscosity V; since they are constant. As already
stated previously, the product rule known from regular
differentiation holds in similar fashion for the Gateaux

derivative. This leads to:

JVoF ' F ) 60) = JVo) 6D F 'F T+ IVaE Y GmF "
+VoF ' GF Y (6m).

We now conclude with (V9)'(69) = V67 and the lin-

earization rules ii)-iv).

By applying this technique to each term on the left
hand side of our discretized system (12), we obtain in
each Newton step (13) a system of linear equations for
the Newton update & lAI}rll'] . This system can be solved
using standard solvers.

Having calculated the Newton update, we iteratively
choose the damping factor A such that the updated
residual is lower than the residual at the previous New-
ton step:

With a fixed p € (0,1), we define for k=0, 1,...

A= ,uk
until RO, + 160, < R(@T}).

At this point, we have fully discretized and linearized
our variational monolithic ALE-FSI problem (9). So we
can now perform numerical simulations for the falling
elastic ball.

4 Numerical Simulation and
Discussion of Results

In this section, we conduct numerical simulations for
the falling elastic ball with two different parameter sets.
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Our code is available open-source, is built using the
open-source finite element library deal.Il [1, 3] and is
a modification of the code written by Wick [37] to the
setting at hand.

We choose second-order continuous quadrilateral fi-
nite elements, i.e. the Qg element, for the velocity ¥ as
well as the displacement # and first-order discontinuous
quadrilateral finite elements, i.e. the Pfc element, for
the pressure p. This combination satisfies the discrete
inf-sup (LBB) condition, see [18, Chapter II, Section 3].

In order to obtain unconditional stability in time and
reduced numerical dissipation, we apply the shifted
Crank-Nicolson scheme [20] for the time discretization,
i.e. 8 = 0.5+ k, where k is the time step size as defined
at the beginning of Section 3.1.

Moreover, we set the constant factor in the control
parameter for the fluid mesh motion @ = 1x 1078 and the
constant gravitational force field acting on both the fluid
and the solid: fi(x,y, 1) = f;(x,y,t) = (0,-9.81) m/s%. In
the Newton method, we iterate until the infinity norm
of the residual assumes values less than TOL=1x107%
and choose p = 0.6 as the damping factor in the line
search.

Finally, we create a mesh, see Figure 1b, for the initial
configuration of the falling elastic ball using the open-
source finite element mesh generator Gmsh [17] and
solve the linear system arising from the discretization
and linearization with the direct solver UMFPACK [9].
We remark that the presented domain decomposition
might lead to ill-conditioned linear systems in case of
large deformations. While a different mesh with refine-
ment in areas influenced by compression could perform
better, we find our choice sufficient for the computa-
tional examples considered in this work.

All calculations are performed on an Intel Core i7-
7700HQ 4-core CPU paired with 8 GB of RAM running
under the GNU/Linux operating system.

4.1 Quantities of Interest

In order to compare our results to those found in Frei et
al. [15], we consider the metrics defined there, but focus
on those quantities of interest that directly describe the
movement of the ball.

Specifically, we let #, be the time when the center of
the ball reaches the height iy, = 0.039 m and t* be the
time relative to f, when the minimal distance between
the ball and the lower boundary is equal to the diameter
of the ball. At the time £, + t* we also calculate v™* as the
spatial mean vertical velocity inside the ball.

We describe the contact of the ball to the lower bound-
ary by considering the time relative to ¢, of the first con-
tact f,p;, i-€. the time at which the distance between
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Table 1 - Physical Parameters as in Frei et al. [15] (set 1), and our second set (set 2).

Set Vi Py Ps s Ag
1 7.0114x107°m?%s 1141kg/m®> 1361kg/m> 20kPa 80kPa
2 7.0114x10°°m?%s 1141kg/m®> 1361kg/m> 666.711kPa 10MPa

the ball and the lower boundary is locally minimal. Al-
though a thin fluid layer always remains between the
ball and the lower boundary, we refer in the following
to this situation with contact. In addition to the metrics
defined in Frei et al. [15], we also determine the distance
between the ball and the lower boundary at the time of
contact d,,.. Moreover, we define the time £, rela-
tive to 7, where the maximum height £,,,, is reached
during the rebound. The maximum pressure at the bot-
tom center point (0,0) over all time steps is denoted by
Poc-

In order to gain insights into the quality of the solu-
tion, we monitor the performance of the Newton solver
and the mesh deformation by calculating the average
number of Newton steps fiNewion @S Well as the minimal
value of J over all cells and time steps. We refer to this
quantity by Jin-

4.2 Comparison to Fully Eulerian
computations (Parameter set 1)

In a first numerical experiment, we consider the sce-
nario from Frei et al. [15] and compare the results ob-
tained therein to those resulting from our ALE approach.
The specific physical parameters are listed in Table 1.
Our observation period is the time interval I = [0, 0.6]
and we choose our time step size as k = 0.001. In the
following, we compare the results for 0,1,2, and 3 global
refinements of our mesh (i.e. 1728, 6644, 26052 and
103172 degrees of freedom). Choosing the ball diameter
as a characteristic length L = 0.022 and the flow velocity
as v=0.1129 (v* for 26052 DoFs in Table 2) we obtain a
Reynolds number of Re = 35.425. Thus, we operate well
within the range of laminar flow and require no further
stabilization.

For a first qualitative impression of the ball movement,
we illustrate its position and vertical velocity for 26 052
degrees of freedom (DoFs) at four critical time steps in
Figure 2. We observe initially, for example at ¢ = 0.262
(top left), that the ball is falling with an increasing ve-
locity. When it approaches the lower boundary, it is
slowed down and comes to a complete stop at ¢ = 0.459
(top right). Even in the images a small rebound, which
reaches its maximum height at £ = 0.516 (bottom left),
becomes apparent. Following the rebound, the ball de-
scends again and nears an equilibrium state close to the

lower boundary until ¢ = 0.6 (bottom right), where only
negligible movement remains.

So on first sight, our results are in agreement with the
physical expectations. We now want to further quantify
the movement of the ball and therefore calculate the
minimal distance between the ball and the lower bound-
ary for the four refinement levels at each time step. The
results with an emphasis on the time interval containing
the contact to the lower boundary and the rebound are
depicted in Figure 3a.

In the initial falling phase, the distances to the lower
boundary for all four refinement levels are in reason-
able alignment. When approaching T, however, the
ball is slowed down significantly earlier on the coarsest
mesh, i.e. refinement level 0. Zooming into the time
interval [0.45,0.6], where the ball is the closest to the
lower boundary, we also observe the time of contact, i.e.
the time when the distance to I, assumes a minimum,
is significantly later. Moreover, the graph for refinement
level 0 reveals no proper rebound. The ball is reflected,
but continues to move upwards with decreasing velocity
instead of falling again.

On the finest mesh, i.e. refinement level 3, the ball
shows similar falling behavior to the coarser meshes,
but computations break down at ¢ = 0.443 before the
ball comes into contact with the lower boundary. Hence,
only the results up to this time step are depicted in Fig-
ure 3a. We investigate this issue in more detail later
on.

For the refinement levels 1 and 2 almost identical
movement is observed. In the falling phase the graphs
can hardly be distinguished and the difference in the
times of contact is of magnitude 10~3. However, the re-
bound happens slightly later and is marginally higher on
level 2 in comparison to level 1. This phenomena also
occurs in fully Eulerian computations in Frei et al. [15].

In order to investigate the convergence with respect
to the time step size, we focus on the second refinement
level, i.e. 26052 DoFs, and perform calculations for four
different time steps: k € {0.004,0.002,0.001,0.0005}. The
initial falling phase is identical across all time step sizes.
Therefore, we concentrate on the time interval contain-
ing the contact to the lower boundary and the rebound.
The distance to the lower boundary at each time step
in this interval for all four time step sizes is depicted
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(@) t=1y+1" =0.262

(b) £ = Lo+ tegne = 0.459

-1.5e-01 -0.1 -0.05
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t =0.516

(©) =ty + lump

(d) =06

0.1 1.5e-01

Vertical velocity

Figure 2 — Position and vertical velocity of the ball for 26052 DoFs.
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(a) Minimal distances for all four refinement levels.

(b) Time-step study with 26052 DoFs.

Figure 3 — Minimal distances between the ball and T, for the scenario as in Frei et al. [15].

in Figure 3b. We observe that by refining the time dis-
cretization, the fluid layer remaining between the ball
and the lower boundary at the time of contact becomes
thicker. Moreover, the ball rebounds higher for smaller
time step sizes. Since we generally associate smaller
time step sizes with better solution quality, our findings
imply that a larger distance to the lower boundary at the
time of contact and a higher rebound describe the move-
ment of the ball more accurately. To this end, further
research is required.

Next, we turn to the previously defined quantities of
interest. The values obtained in the ALE calculations are
listed in Table 2 (ALE 1). For reference, we also display
the corresponding values resulting from fully Eulerian
calculations in Frei et al. [15] in Table 2 (Eulerian 1).

When comparing the two approaches, we first notice
that the deviation for f, in all cases apart from the first
refinement level (6644 DoFs in Table 2 (ALE 1) is smaller
than the ALE time step size of k = 0.001. So, up to our
chosen accuracy, the values exactly correspond on those
levels. For the first refinement level, the value for ¢,
obtained with the ALE approach is in alignment with

the finer meshes which could indicate a higher precision
in comparison to the fully Eulerian results. Overall, the
initial movement of the ball appears to be very similar
in both calculations.

Considering the metrics ¢* and v* however, we ob-
serve that the minimal distance between the ball and
the lower boundary is slightly earlier equal to the diam-
eter of the ball with the ALE approach. This phenomena
occurs for all refinements apart from the coarsest level,
where deviations are expected due to the low resolution
of the mesh. At the same time, the average vertical ve-
locity v* is elevated on all levels in comparison to the
fully Eulerian results. This leads to the conclusion that
the ball falls faster after the slow initial phase in the
ALE calculations. Furthermore, this becomes evident
in an earlier time of contact f.,, across all refinement
levels, while the distance to the lower boundary at con-
tact d.,p,, although not quantified in Frei et al. [15], is
qualitatively in reasonable alignment.

In terms of the rebound, the times f,,,, only reveal
minor differences, whereas hj,,, is increased for the
ALE approach. It remains subject of further research to
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Table 2 — Quantities of interest for the first (1) and second (2) parameter set obtained from our ALE approach. For the first
set we compare the metrics to the results in Frei et al. [15] calculated therein with a fully Eulerian approach.

*

DoFs ly 4 v Icont dcont tjump hjump Phbc NNewton J, min
Eulerian (1)
2695 0.2072 0.0623 —-0.1021 0.3465 - - - 6.7738x 10°  1.1952 -
9928 0.2024 0.0613 -0.1035 0.2738 - 0.3037 0.000203 5.7792x10° 1.2280 -
37660 0.2038 0.0613 —0.1034 0.2742 - 0.3068 0.000267 5.7504 x 10°  1.2496 -
146648 0.2045 0.0615 —-0.1030 0.2772 - 0.3053 0.000158 5.7555x 10>  1.3469 -
ALE (1)
1728 0.208  0.064 —0.1051 0.294 2.2391x107* - - 1.1977x10°  2.3128 1.0041x10~*
6644 0.204 0.059 —0.1105 0.257 1.2435x10™* 0.301 0.000644 3.4113x10° 2.3794 1.2698x10™*
26052 0.204 0.058 —0.1129 0.255 1.5803x10™* 0.312 0.000972 5.2180x10° 2.1298 1.8642x 107"
103172 0.204 0.058 -0.1132 - - - - 1.3172x10°  2.1081 2.7843x107*
ALE (2)
1728 0.191 0.066 —0.0883 0.170 1.6168x 107> - - 1.0429 x 10°  2.7606 5.6467 x 102
6644 0.179 0.049 —0.1354 0.199 1.0971x107* - - 1.4274x10°  3.0125 1.2595x107°
26052 0.177 0.046 —0.1413 0.188 5.6297x107° - - 1.3846 x 10°  3.0773  1.7060 x 10™°
103172 0.177 0.046 —-0.1425 0.186 3.9579x107° - - 1.8347 x10°  2.7406 —2.9639 x 1072

determine which result describes the real-world behav-
ior of the ball more accurately.

For the maximum pressure at the bottom center point
Ppe We obtain significantly higher results in the ALE
calculation. While the pressure initially assumes values
similar to those in the fully Eulerian framework, a sharp
increase around the time of contact becomes apparent.
This seems reasonable, but at this point the question of
which result is more accurate once more remains open.

In both cases, although the small values for J;, reveal
strong mesh deformations in the ALE approach, the
Newton solvers perform excellently. This indicates a
high quality of the solutions.

1073
| ——Level 1
Level 2
o~ 4n Level 3
=
g
=)
E ol i
s “l
N_~” —
0 \ \ | L
04 045 0.5 055 0.6
Time ¢

Figure 4 — Minimal values of fover all cells for the sce-
nario as in Frei et al. [15] and the refinement
levels 1-3.

Finally, we attempt to explain the breakdown of the
calculations on the finest mesh (103172 DoFs in Table

2 (ALE 1). Therefore, we investigate the mesh deforma-
tion and plot the minimal values of J over all cells at
each timestep in the critical time interval around the
breakdown in Figure 4. For scaling reasons we neglect
the coarsest mesh as the mesh deformations are signif-
icantly smaller, i.e. J is significantly larger, in this case.
We observe that J assumes small values of magnitude
10™* for the third refinement level, which is also the case
for the coarser meshes. However, combining this large
cell deformation with the already small cell size due to
the high resolution on the finest mesh could result in
cell volumes that are too small for carrying out compu-
tations, hence, leading to the breakdown. While this
explanation seems plausible, the observed issue also
requires further investigation.

Computational times (CPU time) for our ALE approach
in this scenario with the hardware specified at the begin-
ning of the section range from 3 min 9s on the coarsest
mesh to 3h 28 min on the finest.

4.3 Computational results in a more dynamic
scenario (Parameter set 2)

As a second example, we reduce the kinematic viscosity
of the fluid in order to increase the dynamics of the sys-
tem, which also poses larger numerical challenges. The
specific physical parameters are listed in Table 1. Choos-
ing again the ball diameter as a characteristic length
and the fluid velocity as v = 0.1413 (v* for 26052 DoFs
in Table 2) we obtain a Reynolds number of Re = 443.36.
Hence, we still operate in the range of laminar flow and
can refrain from additional stabilization.
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(a) Minimal distances for all four refinement levels.

(b) Time-step study with 26052 DoFs.

Figure 5 — Minimal distances between the ball and T, for the second scenario.

In addition to those changes, we choose slightly more
accurate values for the gravitational forces f;(x,y, ) =
fs(x, 3,8 =(0,-9.807) m/ s% and adjust our observation
period to I = [0,0.4]. All other parameters remain un-
changed. For these calculations, we focus on the initial
falling phase of the ball up to the contact and neglect a
possible rebound.

We begin by illustrating the minimal distance between
the ball and the lower boundary at each timestep for
the same four refinement levels in Figure 5a. First of
all, it becomes apparent that the movement of the ball
on the coarsest mesh deviates significantly from the
observations on the finer meshes. The ball is slowed
down considerably earlier and comes to a complete stop
long before reaching the lower boundary. As already
stated previously, this is to be expected due to the low
mesh resolution. The results for the remaining three
refinement levels are in reasonable alignment. However,
zooming into the time interval where the ball is closest
to the lower boundary, we notice that contact happens
earlier with increasing number of DoFs.

Next, we investigate the convergence with respect to
the time step size for this parameter set. Again we fo-
cus on the second refinement level with 26 052 DoFs and
consider four different time steps: k € {0.004,0.002,0.001,
0.0005}. Similar to the first scenario, the initial falling
phase is identical for all time step sizes. Hence, we di-
rect our attention to the time interval in which the ball
comes into contact with the lower boundary. The dis-
tance to the lower boundary at each time step in this
interval for all four time step sizes is plotted in Figure 5b.
We observe that with each refinement of the time dis-
cretization the deviation in the results decreases. There-
fore, on a qualitative level the solution indeed converges
with respect to the time step size. However, for a more
rigorous proof of convergence, other quantitative ap-
proaches are required.

We remark that in all cases apart from k = 0.001 com-
putations break down shortly after the contact. Thus, we
neglect the movement of the ball occurring afterwards.

For further quantification, we now turn to the already
defined quantities of interest and list them, apart from
those describing the rebound, in Table 2 (ALE 2). Ne-
glecting the coarsest mesh with 1728 DoFs, a general
observation in comparison to the first scenario is that
the ball falls faster. This becomes evident in earlier mea-
sured times for #,, t* and 7., as well as in increased
mean velocities v*. It is sensible to assume that the sig-
nificantly lower fluid viscosity in this parameter set is
one of the factors leading to the obtained results.

Remarkably, we measure even smaller distances to
the lower boundary at the time of contact compared to
the first scenario. While with the physical parameters
from Frei et al. [15] even on the finest meshes a fluid
layer with a thickness of magnitude 10~* remains, we
obtain values of magnitude 10™° in this case. As a result,
the maximum pressure at the bottom center point is
also considerably elevated and the mesh experiences
larger deformations as highlighted in the smaller results
for J ,in- On the finest mesh with 103172 DoFs we even
observe negative values for J;, shortly after the con-
tact, which indicates negative cell volume and makes
no physical sense. Surprisingly, computations do not
break down immediately. These findings support the
previously raised assumption that the small cell size in
combination with large deformations leads to computa-
tional problems.

With regard to the average number of Newton steps,
the results reveal a slight increase in comparison to the
first scenario. The more dynamic movement of the ball
appears to increase computational difficulties, never-
theless about 3 Newton steps on average remain in the
range of good performance of the solver. Since we ob-
serve only minor deviations with increasing mesh res-

@)y |



50 E Stahlhuth, C. Hergl, T. Wick

olution, we can also in this case assume a high quality
of the solution. However, in order to verify their cor-
rectness, more calculations with different approaches
or real-world experiments are required.

For this parameter set, computational times (CPU
time) range from 2 min 12 s on the coarsest mesh to 3h
55 min on the finest.

5 Summary

In this work, we applied an ALE approach for FSI to the
example of the falling elastic ball in a Newtonian fluid.
The mesh motion model employs a monitor function
with the deformation gradient determinant in the de-
nominator for improved mesh quality. The goal was
to show the viability of the presented ALE method in a
large deformation setting with contact.

Having completed all the preliminaries, we performed
numerical simulations for the falling elastic ball for two
different parameter sets and evaluated quantities of in-
terest. As a first example, we considered the physical
parameters from Frei et al. [15]. In a qualitative analysis,
we found the movement of the ball simulated with our
ALE approach to be in agreement with the physical ex-
pectations. A more quantitative consideration revealed
that the initial falling phase is almost indistinguishable
for all four refinement levels. However, the ball is slowed
down significantly earlier on the coarsest mesh and does
not rebound properly. On the other hand, computations
break down on the finest mesh before the ball reaches its
lowest point. These numerical difficulties on the finest
mesh, common to both scenarios, most likely result
from the small cell size in combination with the large
mesh deformation. For the refinement levels 1 and 2 the
movement of the ball is almost identical.

In a convergence study, we found that with decreas-
ing time step size the fluid layer remaining between the
ball and the lower boundary at the time of contact be-
comes thicker and the height of the rebound increases.
Therefore, we assume this behavior to more accurately
describe the movement of the ball, while verification of
these results is not possible at this point.

When comparing our findings to those obtained in
Frei et al. [15] with a fully Eulerian approach, deviations
only become apparent in the later falling stages of the
ball. In particular, the ball falls faster and rebounds
higher in our ALE calculations. Overall the results of
both approaches are in reasonable alignment.

In our second computational example, we increased
the dynamics of the system by reducing the fluid vis-
cosity. Therein we neglected the rebound and focused
only on the movement of the ball up to the contact with
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the lower boundary. Once more we observed consid-
erable deviations on the coarsest mesh and numerical
issues on the finest mesh. In comparison to the first
scenario, the ball falls faster and at the time of con-
tact a thinner fluid layer remains between the ball and
the lower boundary. Furthermore, a qualitative conver-
gence study showed that the solution indeed converges
with respect to the time step size. A quantitative investi-
gation of the convergence is pending.

Both parameter studies exhibited satisfactory perfor-
mance of the Newton solver which implies a high solu-
tion quality. Overall the observations prove the viability
of the presented ALE method in a setting with large de-
formation and contact while producing similar results
to a fully Eulerian approach. However, the preceding
discussions also reveal that mesh refinement and time
step size have to be chosen cautiously.

In ongoing work, specifically Setting 2, is further in-
vestigated with other experts (and their codes) in fluid-
structure interaction to substantiate the behavior just
before, during, and after contact. To date, it is not clear,
and future work, whether a plain vanilla ALE-FSI ap-
proach such as in the current paper is capable to give ac-
curate results during contact and after contact. Another
topic of future investigation will be other constitutive
solid laws such as of Neo-Hookean type.

Code Availability: The source code for the results pre-
sented in this work can be obtained under https://
github.com/FlorianStahlhuth/FSI-FallingBall'.
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