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Supplementary Material

1 Injectivity of the DN Map
In this section, we prove the injectivity of the DN map of the PME. For clarity, we first restate the theorem.

Theorem 1. Let T = oo and letp € C(So,) NC™(Sy,), d = 0 be of the form ¢(t, x) = y (1) g(x) i for (t,x) € Sy, with g e C*°(0Q), g =
0 and an arbitrary but fixed function y € C*([0,00)) which is increasing and fulfills () =0 for t < % andy(t)=1fort=1.1If
Aif\)/{fm (P = Agf\gi(m () for all such ¢, thene'” =" andy® =y,

Although the proof is based on [3], this is a generalization of the result from [3] since the equality of the DN maps has to hold
for a smaller class of functions ¢. To prove Theorem 1, we first perform a transformation v := ™ and formulate an equivalent
problem for the variable v where we consider the following right hand side and DN map:

fl,x):=¢"(t,x) =" (g and Agy () =70, 10 00)x00- 1)

Once this is achieved, we proceed in three main steps: In the first step, we apply a Laplace transformation and proceed to

consider the variable V(h,") = [¢° e v(t,-) dt with k > 0. This transformation leads to a time-independent elliptic boundary
value problem with a corresponding DN map. The second step consists of a first order asymptotic expansion using the ansatz
V(h,") = X(h)Vy + R, (h,-) with X(h) := f0°° eﬁxm(t) dt where the variables V; and R, (h,-) themselves fulfill corresponding
elliptic boundary value problems. In particular, Vj, gives rise to the definition of a DN map for which much theory already
exists, see [11], [9], and from which we can conclude the equality ym = y(m. To prove the equality ¢ = ¢ in the third step,
we consider a second order asymptotic expansion of the form V(k,-) = X(h)V, + Vlh + R, (h,-) where again, Vj, Vlh and R, (h, )
solve suitable elliptic boundary value problems.

1.1 Elimination of the Time-Dependence: Laplace Transformation

We consider the Laplace transform for 2 >0 and x € Q:
(e 9)
V(h,x) = fe‘% v(t,x) dt. @)
0

It holds that V(h,-) € H (Q) for h > 0. This can be proven using the fact that v € LZ(QT), see [3], and that fQT IVu(t, x)l2 dtdx
grows at most polynomially for T — oo, see [3, Theorem 1] . Let us now derive a boundary value problem for V. The following
derivation deviates from [3] as we derive the strong formulation directly for better readability. Note that the equations below
hold in a weak sense, that s, V(h,-) € H' (Q) satisfies the corresponding weak formulations. We consider a function ¢ € Cy°(R)
such that ¢(#) = 1 for |£] = 1 and ¢(t) = 0 for || = 2. Then we get via partial integration:

o0 o0 o0
t
v-(y(x)w(h,x))=fe‘%v-(y(x)w(r,x)) dtzfe‘%e(x)atv#(r,x)dt=f(Tnm ¢(3))e Fewo,vmitx ar
— —
0 1 0 ——
=e(x)0,v™ (t,x) =1
[ (1t 1 1 t 17
. ! _r 1 . _r 1 oo 1 .
ZE(X)(_leLnolo(?é (?)_E é(?))e nym(t,x)de+ [Tlglgof(?)e hy (t,x)]tzo)ﬁe(x)fe nym(t,x) de=: N (h,x).
0 — —1 if?=ooo if:tgo 0
for T—oo for T—oo

Using the previous assumption (1) on the boundary data, we obtain for the boundary values

V(h,x)|aQ=fe‘ﬁu(t,x)|aodt:fe‘%f(t,x)dt:g(x)fe‘ﬁx’”(r)dt::g(x)X(h).
0 0 0
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In conclusion, V = 0 is the weak solution of the family of boundary value problems given in the following definition. We also
define the corresponding DN map.

Definition 2. Let v = 1" asbefore and V (h, -) be defined as in Equality (2). Let us consider g € C*(8Q), g = 0and y € C*([0,00))
where y is an increasing function satisfying y(#) = 0 for ¢ < % and y(#) = 1for ¢t = 1. Furthermore, we define for x€ Q and i >0

(o] oo
1
N (h, %) = Ee(x)fe‘% vin(t,x)dt and  X(h) :=fe‘%xmm dt. 3)
0 0
Then we define the elliptic boundary problem for V (h, ) and the corresponding DN map as

V- (y(x)VV(h,x)) =N (h,x) for xe Q, and Agy(g) =X(h)_1y6VV(h, ')|6Q )
V(h,x)=X(h)g(x) forxeodQ

Note that X (h) € G(h) as h — oo which can be proven by elementary calculations.
Estimates. Our goal is to obtain an estimate for V(h,-). Note that for all estimates in this and the following sections, we
collect all arising constants in one placeholder constant C.

Lemma 3. The right hand side ./ (h,-) of the elliptic boundary problem from Definition 2 can be estimated for h > 0 as

_1 L
1A (1)l 2y < CHTRIV (RN, 5)

Proof. Via Holder’s inequality, we can derive the estimate 0 < A (h, x) < h_%e(x) V(h,x) = for all x € Q. In the following, we
deviate from the proof presented by Carstea et al. [3]. Instead of deriving an estimate for .4 (h,-) in the L*-norm and then
estimating against the WP -norm for p > n, we derive a more intuitive estimate for the L*-norm. Staying in the setting of
p = 2 will be useful for the following elliptic estimates. Let m' € N such that % + # = 1. Using the previous estimate for A (A, ),

the boundedness of € in Q and Hélder’s inequality, we obtain
1 1 1 AN T
1A (2 < (f(lf%e(x)V(h,x)#)2 dx)’ < Ch‘#(f Vh,x) - 1dx)’ < Ch‘#((f(V(h,x)%)’" dx)" (fl'” dx)")’
Q Q Q Q

_1 L
sCh m|V(h)|™

= Ch™ | |T1’(fV(h 12 d )ﬁ<Ch_iIIV(h Tk
B Q Hax) = ' H'Q'

1*(Q)
Q

Lemmad. LetV(h,-) € H'(Q) be the solution to the elliptic boundary value problem from Definition 2. Then the estimate

~ -1

holds, where g := Eg is the extension of the boundary data via the trace extension operator E : H 2 Q) — H'(Q).

Proof. Necas [10, Theorem 5.7] yields the existence of a mapping E : H 2 (0Q) — H'(Q) such that (E 8lag=gforallge H 2 (0Q).
This map corresponds to the right-inverse of the trace operator which is linear and continuous. Therefore, we can define the

H'-extension of the boundary data gC*(0Q) < H% (0Q) as g := Eg and we know ||g||H1(Q) < | E| ||g||H% 00 where || - || denotes

the operator norm. With this extension of g we now write V'(h, ) as
V(h,)=V(h)+Xhg, (6)

where V (h,-) fulfills the modified boundary value problem V- (y(x)VV (h, x)) = A (h, x) — V- (y(x) X (h) V& (x)) with boundary
condition V (k, x)laQ = 0. The corresponding weak formulation is

a(V(h,-),p) :=fy(x)V‘7(h,x)-V<p(x) dx=—f,/V(h,x)q)(x)+y(x)X(h)Vg(x)-V<p(x) dx =:1(p).
Q Q

forallgp e H& (Q). For better readability, we omit the h-dependence of I(-) in our notation. Elementary calculations yield the
continuity and coercivity of the bilinear form a(:,-), as well as the continuity of the linear form [(-). The Lax-Milgram Theorem
yields the bound

1V, Mgyt gy = CUN U,z ) + XUDIVEN 2)) < CUN U2,y + XD 1)
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Utilizing the reversed triangle inequality and our previous observation X (h) € G (h), we arrive at

Our estimate of || A (h,-)|| 2 ) itself. To overcome this issue, we instead examine the
quantity max || V(h I gy ( which is an upper bound of |V (h, )|l ;1 Q" Ultimatively, we are interested in the asymptotic

behaviour for i — co. Via %e estimate (7), Lemma 3 and basic calculations, we obtain for sufficiently large & that

(Q) in Lemma 3 depends on [V (h, )| p

1.2 Equivalence of the Diffusion Coefficients

This subsection focuses on proving the equality ym = y(ii) through an asymptotic expansion of V(k, ) that decouples the ¢-

and y-dependent components. We recover a y-dependent elliptic boundary value problem with boundary data g for which a
corresponding DN map can be defined. Theoretical results for this case already exist, see [11], [9], and can be employed to
prove the desired equality. We start with the ansatz

V(h, x) = X(W)Vy(x) + R, (h, x), ®)
where V}, and R, (h, -) solve the following elliptic boundary value problems.

Definition 5. Let g € C*°(0Q) and A/ (h,-) as in Definition 2. We define V, € H ! (Qand Ry(h,)eH ! (Q) as the solutions of

V-(y(x)VVp(x) =0, forxeQq, and V- (y(x)VRy(h,x)) = AN (h,x), forxeQ,
Vo=8 forxedQ, R,(h,x)=0, for x € 0Q.

The DN map corresponding to the boundary value problem for V) is defined as

Ay (8) =70, Volag-

The DN map in Definition 5 corresponds to the Calderén DN map A, : H 2 0Q)—H 2 (0Q) which is linear and continuous
according to [3], [9] or [11]. Note that both elliptic boundary value problems from Definition 5 are well-posed. It is clear that
the ansatz from Equation (8) satisfies the original problem for V' (#, -).

Auxiliary results for the first order asymptotic expansion. Based on Definition 5, we examine some properties of the
variables V; and R, (h,-). After this, we concentrate on the DN map from Definition 5.

Lemma6. LetV;e€ H (Q) and Ry (h,") € H (Q) be as in Definition 5. Then it holds that Ry (h,-) <0 and

_1
”Rl(h )I|H1(Q) = C(”g"Hl(Q) + h m)_

Furthermore, we get ||V, ||H1(Q) €0 (1) and R, (h,") ||H1(Q] €0 (1) for h — oo.

Proof. As V- (y(x)VR;(h,x)) = A (h,x) =0, it follows that R, (h,-) is a subsolution of the elliptic operator V- yV. This yields
R,(h,x) < maX,es0 R, (h,x) =0 for all x € Q, see [5, Section 6.4]. Furthermore, we obtain with the Lax-Milgram Theorem,
Lemma 3 and Minkowski’s inequality that

T "l _% # o m _#
which implies || R, (h,) ||H1(Q) €0 (1) as h — oo. Since V, is independent of £, it follows that || Voll o @€ 0 (1) as h — oco. O

Next, we derive a useful representation of the DN map using the dual pairing of H 2 (0Q) and H 2 (0Q).

Lemma 7. Consider Vye H ' from Definition 5 with boundary data g € C*°(0Q) and the Calderén DN map Ay H 2 (0Q) —
H_%((?Q). Let W, € H'(Q) be a test function with trace foe H? (0Q). Then the dual pairing between f € H? (0Q) and
A (R € H? (0Q) can be represented as

(for iyt = [ Y9V, VW, dx. ©)
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Proof. We first note that H_% (0Q) is the dual space of H% (0Q), see [7, Equation (3.22)] and the dual pairing of f; € H% 0Q)

and A, (g) € H 2 (0Q) can be defined as (f, Ay (8)) := faQ foAy(g)ds. Testing the boundary value problem with W, partial
integration and identification of the dual pairing yields the assertion. O

With this result, we are able to prove some useful properties of the DN map A,. The key argument for proving the

equivalence of the diffusion coefficients y(i) and y(m

toall g€ H2(9Q).

is to generalize the equality Ayu) (g) = Ay(m (g) forall ge C*(0Q),g=0

Lemma 8. Ifthe equality Ay(i) (g)= A},m) (g) holds for all g € C*(0Q), g = 0, then we can conclude that

Aw(@ =A@ forallge H?(0Q). (10)

Proof. The equality Aym (8= Ay(m (g) in fact holds for all g € C*°(3Q), not just for non-negative g. For this, we refer to the

discussion in the introduction of [3]. To obtain Equation (10), the main idea is to use the density of C*°(0Q) in H 2 (0Q), see [4,
Chapter 4.2.1], and the continuity of the DN map. O

Continuation of the main argument. Our first goal is to infer the equality of the Calderén DN maps Aym (g) = Ay(m (g) for
all g € C*(0Q), g = 0 from the assumption of Theorem 1 that Aif‘f[ym (@) = Aj% e (¢p) for all admissible ¢b. As the DN map for
the transformed variable v contains the same information as the original DN map, we conclude Aé’m /0 ()= A;’(,-,-) S0 (f) for

all feC(S,)NC®(S,,), f =0 as in Equation (1). This yields the equality AZ,, 0(8)= Af(m a0 (8) forall g € C*(0Q), g = 0 via

Af(i)’y(i) (g) = X(h)_l

0\8

[e.¢]
e AY o dt=X " | e hAYy wdt=A ()
E(I),)/U) E(”),Y(”) E‘(”),)/(”) g .
0

From Lemma 6, we know that ||Vl € O (1) and [|Ry (h, )l ;1 ) € O(1) for h — oo. It also holds that X(h)'eoh™) and
0,R;(h,") €0(1) as h — oco. Thus, the ansatz from Equation (8) yields

AL (g) = X(h) ™1y, V(R )lgo = Y0, Vylag + X (h) 1 y0, Ry (h, Vg = 13, Vo (®)lgg + O (V). ¢8))
¥ Q Q Q Q

eo(l) eﬁ?}:_l)

h

Therefore, Am’

forall g€ C*(8Q), g = 0, each term of corresponding order of i must be equal. This implies y(i)(iv Volag = y“”av Volag, leading
to the conclusion that

consists of a term of order @(1) and a term of order @(h ™). As we already know that Afm Ne (g) = Agm S 9]

Ao (8) =770, Vlag =770, Vilag = A un(g) forall g € CX(0Q), g 2 0.

In summary, we have derived an elliptic boundary value problem for V;, with boundary data g whose DN map corresponds to
the Calderén DN map satisfying
Aym (&= AY(m (g) forall ge C*(0Q),g=0. (12)

Lemma 8 yields that Equation (12) does not only hold for all such g =0 but forall ge H 2 (0Q). We emphasize that the elliptic
1

problem for V;, from Definition 5 remains well-posed when considering boundary data in H2 (0Q). Finally, we obtain from [11,

Theorem 0.1] for n» = 3 and from [9, Theorem 1] for n = 2 that

@ _ D)
Yyo=r

1.3 Equivalence of the Porosity Coefficients

Lastly, we focus on showing the equality ¢! = ¢! in this subsection. In contrast to the previous subsection, we now consider

an expansion of second order. Our ansatz for V (h, -) is
V(h,x) = X(h)Vy(x) + Vlh(x) + Ry (h, x), (13)

where V;, solves the boundary value problem from Definition 5. The boundary value problems for Vlh and R, are given in the
following Definition.
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Definition 9. Let y € C*°([0,00)) satisfy the conditions stated in Definition 2 and let X () and .4, (h,-) be defined as
(e 9)

t N 1
X(h):= %fefﬁ)((t) dt and Ay(h,x):=exX)X(M)V)" (x). (14)
0

Then we define the boundary value problem for Vlh eH' (Q) and Ry(h,") € H' (Q) as

V-(y(x)VVlh(x)) =M(h,x), forxeQ, and V- (y(Xx)VRy(h,x)) = A (h,x) — Ny(h,x), forxeQ,
Vlh(x) =0, for x € 0Q, Ry(h,x) =0, for x € 0Q.

We note that X (h) € @(1) as h — oo which can be proven by straightforward computation. The boundary value problems for
Vo Vlh and R, (h,-) are well-posed. Similar to the previous subsection, this ansatz clearly satisfies the original problem.
Auxiliary results for the second order asymptotic expansion. We move on to providing some auxiliary results needed
for proving the equivalence of the porosity coefficients.

Lemma 10. Let the assumptions from Theorem 1 be satisfied. Then it holds that A (h,-) — Ay(h,-) < 0.

Proof. Let us consider wy (£, x) := x"* () V,(x). Then the function w, solves the problem

1 1 -
€(x)0,w{" (£, x) = V- (y(x)Vwy (£, X)) = e(x) V," (x)0,x (1) := f (£, %),

with initial condition w|,—, = 0 and boundary condition Wyl «jx3Q = V0,00 xa0- Furthermore, it holds f =0 since we assume
0,x(#) =0 and V; = 0. Using the maximum principle from Céarstea et al. [3, theorem 1], it follows that w, = v which yields

N (h,x) = %E(x)fe_%v%(t,x)dts %E(x)fe hwo (t,x)dt= —6(x)fe hx(t)V’” (x) dt = Ay (h, x).
0

This result can be used to obtain an estimate for A (h,-) — A, (A, ).

1
Lemma 11. It holds that | A (h,-) — Ay (h, ) ||L2(Q) < Chfﬁ IRy (R, ") III:"I1 @ In particular, this estimate implies the asymptotic

behaviour | A (h,) = Ay(h, ) 2, € G ) as h— oo.

Q

Proof. Let m' € N such that % mi = 1. Using Lemma 10, the fact that am —bm < (a— b) form>1, a=b=0and Holder’s
inequality, we obtain

? L 1 T
0<Ay(h,x) =N (h,x) = (Tf '"(r,x)—v%(t,x))dtsi;)fe‘ﬁ(wo(t,x) u(t, x))%
0 0
e [ a-1 e(x) t ; r [ s W
:Tfe 0= (&7 F (o (1, %) — (£, X)) dt<—f g fe Twg(t,x) dt — fe (s, x) di
0 0 0
a7 L _ L 1
:e(;)h (]e OV dt= V()" = h o L)X Vo) = V)™ = b7 e(x) (R, x)) 7

0

In the last step, we insert the ansatz V (h, x) = X (h) V,(x) + R, (h, x). Note that —R; = 0 as argued in the proof of Lemma 6. The
asserted normwise estimate for A4 (h,-) — A (h,-) can be derived similarly to the proof of Lemma 3 for the normwise estimate

of A (h,-), employing Ho6lder’s inequality. With this estimate, it follows that ||.A4(h, ) — A (B, )|l 2 € @(hf%) for h — oo since
IR (h,") ||H1(Q) € 0 (1) from Lemma 6. 0

This finally leads us to the following estimates regarding Vlh and R, (h, ).

Lemma 12. For Vlh and R, (h,-) from Definition 9, the following bounds hold:

h o m -1
Iy = CRUDIVGI and 1R gy < CH IR BN,

From these estimates it also follows that || Vlh €0(1) and|R,(h,-) ”HI(Q) € @’(h_#) as h — oo.

)
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Proof. As Ay(h,-) =0and A (h,-) — Ay (h,-) <0 from Lemma 10, Vlh is a subsolution and R, is a supersolution to the elliptic
operator V- (yV). Because of the homogeneous boundary data, Evans [5, Section 6.4] yields Vlh <0 and R, (x) = 0, respectively.
By applying the Lax-Milgram Theorem and Lemma 11, we obtain

_1 L
IRy () g1 gy < CIA () = Ao (B, )l 2y < CRW IR (BN, and [V}

. 1
2@ < ClA (B, ) 12 SCX(h)IIVOIILz(Q)-

)

Since || Ay (h,-) — A (R, ) ||L2(Q) € @(if#), it must therefore also hold that || R, (A, ) ||
Vo ||L2(Q) € 0(1) we may conclude that || V,}

i@ € O™, Lastly, as X(h) € 6(1) and

11 €O, O

We move on to derive a representation of the dual pairing of H 2 (0Q) and H 2 (0Q) based on the boundary value problem
for Vlh from Definition 9.

Lemma13. Let Vlh e H' (Q) be as in Definition 9. Let W be a smooth, weighted harmonic function, that isV - (yVW) =0, with
~ ~ 1 1
boundary data f € C*°(0Q). Then the dual pairing between f € H2 (0Q) and yd, VlhIaQ € H 2(0Q) can be computed as

~ ~ 1
(Frro, V'ag) = X(h) f e V" ()W (x) dx.
Q

Proof. Testing the boundary value problem of Vlh with the function W, utilizing Definition 9 and partial integration yields

1
fe(x)f((h)Vo’” (X)W (x) dx:f%(h,x)W(x) dx= —[y(x)vvlh(x)-VW(x) dx+fy(x)avvlh(x)laQW(x)lans
Q Q Q 2Q

:fv.(y(x)VW(x))Vlh(x) dx—fy(x) Vlh(x)GVW(x)ds+fy(x)avVlh(x)laQW(x)lan3=ff(x)y(x)avVlh(x)Ians.
N——r ~——
3Q

=0 =0 oQ 0Q

The right hand side corresponds to the definition of the desired dual pairing which concludes the proof. O
Lastly, we prove a density result which represents a key argument for proving the equivalence of the porosity coefficients.

Lemma 14. Let H,W € H'(Q) be solutions ofV-(yVH) =0 andV - (yVW) = 0. Then the span of products of the formyHW is
dense in LZ(Q).

~ 1 ~ 1
Proof. According to Nachman [9] we can introduce transformed variables H :=y2 H and W :=y2 W such that they solve the

transformed problems —~AH + gH = 0 and —AW + qW = 0 with q := Y%A(y%). Now we can transform these problems into
systems of first order differential equations. For this, we define U := (H,VH) " = U, UZ)-r and U := (VIW, W) = (uy, Uzt)T
which solve

_ £ atyrt_ (V0 (0 -1} ,+ (0 g
DU+AU=0 and DU —-AU =0 where D—(O V)’Al_(q 0),A2—(1 ol

Together we have U, U’ solve (D + A;)U = 0 and (-D + AU’ = 0 and q is sufficiently regular as y is assumed to be sufficiently
regular. Then [1, Lemma 3.4] yields that products of the form U; Uzt HW = YHW are dense in LP(Q), p=1. O

Continuation of the main argument. Having derived some useful auxiliary results, we are able to concentrate on
the key aspects of proving the equality e = ¢, In Subsection 1.2, we have argued that A)I: (IXIG@ () = Af M (0 (@) for all

P € C(S,,)NC(S,.),¢ =0 as in Theorem 1 implies A;’m 0 (g) = A;‘(,-i) LU0 (g) for all g € C*°(0Q), g = 0. Similar to Lemma 8,

we can argue that the DN map is invariant with respect to shifts by constants, which allows us to drop the assumption
g = 0. Therefore, we conclude that A;l(,-) L0 (8)= A;l(i,-) (i (8) for all g € C*°(8Q). We may even extend our considerations to

geH 2 (0Q) which can be argued similarly to the proof of Lemma 8. With Equation (13), we obtain
h - h - - h _1-1
AL (&) =70, Vglag + X~ y8, V{'l5g+ X(W) 'y, Ry(h,Vaq =¥0, Volag + Yh™ 0, V{'laq + O (R~ ")
o eoh oy  eOH oL

Note that all summands are of different order of / as h — oco. Thus, every term of corresponding order in this expansion must
1 . . . e e
be equal for all g € H2 (3Q), in particular it holds for the pairs (¢”,y®), "'?,y"?) that

y¥a, V1h|6Q iy, V1h|aQ- (15)
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Let W be defined as in Lemma 13. Together with Equation (15), Lemma 13 yields

. 1 . N .. N . .. 1
X f eV W dx =0, W'la0, /) = 0,V lag, fY = X f e (V" (W (x) dx,
Q Q

or equivalently
. A
f(e“’ eV W dx=0. (16)
Q
Note that we only write y instead of y(i) or y(”) in the following, having proven the equality of both terms in the previous
section. Our ultimate goal is to conclude from this statement that the equality ' = "D must be fulfilled. So far, we only know
that the integral in Equation(16) vanishes for all solutions Vj, of the elliptic boundary value problem from Definition 5 with any

boundary data ge H 2 (0Q) and for all weighted harmonic functions with any boundary data f € C*°(3Q). Via the density of

C™(Q) in H'(Q), this also holds for all weak solutions W € H'(Q) of V- (yVW) = 0 with arbitrary boundary data f € H 2 (0Q).
Furthermore, we can show that the integral in Equation (16) also vanishes when only considering the product of two functions
without the additional exponent % which will be useful in the following. To this end, we start by considering the function Vj, to
be of the form V;;(x) = 1+ sH(x) with s € R and H being a weak solution of V- (yV H) = 0. This is a legitimate assumption since
V, still fulfills the original problem. Inserting this in Equation (16) yields

f(e“" () — D () (1 + sH(x)) " W (x) dx = 0.
Q

This implies, by considering the derivatives with respect to s on both sides of the equation, that the following statement holds:

O_d
T ds

s=0

f (e () — e () (1 + sH) " W (x) dx = % f (€ (x) — " () Hx) W (x) dx.
Q

Consequently, we obtain that

. . . 1
f(e(l) - 6(”))HW dx = f(e(l) - 6(”)) —(yHW) dx.=0, a7
Y
Q
for all weak solutions H, W of the elliptic boundary value problem with arbitrary, smooth boundary data. Having shown in
Lemma 14 that the span of such products y HW is dense in L*(Q), it follows that Jo (€ — ) )1—,(,0 dx =0 for all ¢ € L*(Q).

In particular, this holds for all ¢ € CS(Q). Then the fundamental lemma of the calculus of variations for dimension n = 2,
see [6, page 22], yields (¢ — e(”)))l/ =0 and since we have assumed that y > 0 we may finally conclude that ¢’ = ¢''" almost

everywhere. As we have assumed that e,eD e €*(Q), it follows that

e® (x) = el (x) forall xeQ,
which yields the equivalence of the porosity coefficients ¢ and €""? and thus concludes the proof of Theorem 1. Note that
this argument only works for Q R?. References for extensions to higher dimensions can be found in [3] and [2]. O

2 Proofs Regarding the Numerical Scheme

Lemma 15. Let the assumptions from Theorem 1 be satisfied, let ¢ = Xgi be the boundary conditions of the PME and let the DN

_r 1
J5ee h Al g dr

map A?:I/ E( x g%) be given. Let A(g) :=lim;,_., . We consider the elliptic equation V - (yVv) =0 in Q with

t
Je my"M () dt
boundary condition vlsq = g and DN map A (g) := %,av Vlpg- Then it holds: A+ (g) = A(g).

Proof. In the proof of Theorem 1, we have derived the boundary value problem (4) with corresponding DN map Agy(g) =

X(h) Yy, v(h, lao with X (h) := [7°e P[L)(m dt. This yields our first intermediate result:

o0 o0 (o]
Lo, _ i, _ 1z 1
A?*YY*(g)zX(h)_lfe_’iy 9, v(t,x)ls_dt=X(h) lfe Y9, u™ (1,0l dt=X(h) lfe ﬁA%@(xgm)dt.
0 0 0
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PME
6*,}’*
we have considered the asymptotic expansion A?* v (g) = AY* @+X (h)_ly*(?VRl(h, -)IaQ. From Lemma 6, we know that

Thus, we are able to compute the DN map Af* ’” based on the knowledge of the PME DN map A . In Subsection 1.2,

IRy Nl @ € 6(1) and itholds X(h) ‘e 6 (h™Y). Therefore, we get our second intermediate result:
}}EOA?*YY* (g) = }}i_l};o(Ay* (g)+ X(h)_ly*alelao) =N, () +0=A (g
Combining both results and inserting the definition of X (h) yields the assertion. O

Lemma 16. Let {) j}j.vfl be the nodal FE basis at the boundary. Let /ll,"m-n > 0 be the smallest eigenvalue of the mass matrix
A~ N . N, R
M:= (((pl-,(pj))ijzl. Then we obtain the bound 1Ay h = Ay plly < \/A;szfl Ay h— Ay*yh)(goj)lle(th).

Proof. Since the mass matrix M is symmetric and positive definite, there exists an eigenvalue decomposition M = QAQT
where Q € RVE*Ns jg orthogonal and consists of the normalized eigenvectors of M and A € RV N5 g o diagonal matrix
whose entries correspond to the eigenvalues of the mass matrix M. As a preparation, we also define the vector ¢ := QT g

where g is the parameter vector when representing gy, in the basis {¢; jvfl For boundary data satisfying || g1l 2 =1lit

©0Qy)
2 1 . . . . . . ~ N

holds |cll5 < pL This can be shown via standard computations, using the representation of gj, with respect to {¢; i 2

and the eigenvalue decomposition of the mass matrix. Since Q and Q" are orthonormal matrices, we get the estimate

|gj| =1(Q);I=1Q;j 12 llcll, = ;h . The discretized operator norm of the DN maps can then be estimated as
min

N,

Ng . ~ 1 B ~ ~
Ay h=Ayepllns  sup Y 1E II1ALL(;)) Ay h@Pl2gq,) S —F7—— Y IA @) - Ay n (@250,
18112 9,1 i=1 ~ JAh =1

O

Np-1

_ T
Lemma 17. The forward map %,,: 2 <R — [R{M,Zv—» (((Ay,h@l)(xm)):’*:ll)T,..., (A (@n,) )y )T) for the Bayesian

inversion of the diffusion coefficient is continuous with respect toy.

Proof. Let ny, = n(xy) € R, @y = (@1 (), -0 §p (X)) | € RP and W, = (0, Ve, (), oD Voo () | € RY for m =
1,..., Nz — 1. Thus, an evaluation of the diffusion coefficient can be represented by y,, := y(x) = \PrTny € R. Furthermore,
the system matrix Ay, (y) is invertible for all y € 2, and continuously depends on y. As the matrix inversion is a continuous

operation for nonsingular matrices according to Meyer [8, Example 6.2.7], this yields the continuity of A;l (-) with respect to y
in @y. The components of the Bayesian forward map form =1,..., Ny —1 and j = 1,..., Ng can thus be written as -

N
Aph (@) Gim) = YD V Vg (6m) = Y 2 20 V0 () = Vi @2 = Vi YO A (0D
i=1

As a concatenation of continuous functions, we may conclude that each component A, (@ ) (Xy,) of the forward map is
continuous with respect to the parameter vector y which yields the assertion. O

Lemma 18. Let m € N be an odd number and let the numerical solution of the PME be defined through a finite difference
scheme with step size At in time and a linear Lagrange FE scheme in space. Let the resulting system of nonlinear equations be

solved numerically using the Newton method with finitely many steps. If At is sufficiently small, then the numerical scheme is
o _ 1.7\ T
well-defined and the forward map ,:RP —RM ¢ — (((Agyf((pl) (1, xm))ﬁ”:ll)T, . ((AsyfkpNB)(tNT,xm))ﬁlel)T) for the

Bayesian inversion of the porosity coefficient is continuous with respect toe.

Proof. It suffices to argue that the parameter vector u, continuously depends on €. The continuity of the forward map &, then
follows from the concatenation of continuous operations. In the following, we consider € instead of € for better readability as
both quantities can be identified with each other. First, we realize that the entries of u, corresponding to the boundary nodes
are continuous with respect to € as they do not depend on €. The entries of v, corresponding to the nodes in the interior are

determined using the Newton method. Let pl.= (@1, ....¢n,) where Ny € N denotes the number of nodes in the interior of the
domain Q. The Newton method is applied to solve the equation
Ry (w)
R.(u):= : =0 with Ri(g):fe
Ry, (W) Q

‘I'T(ﬂ_ﬂold)

AL @;+YV¥ w™dx fori=1,..,Nj.
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e+1) _ ()

Each Newton iteration is given by u =u " +zwithz=—Jp (EM) )_IRG (E([)) where Jp denotes the Jacobian of R, with
respect to u. Its entries are given as

0
ER,-(E) :fétp,-(pj dx+ mfy(‘I’Tg)m_IV(pi-V(pj dx+ m(m—l)fy(‘PTu)m_z(ijp,--V(\PTg) dx
= Q Q Q

We note that R, continuously depends on © and € and J_continuously depends on €. Furthermore, the Jacobian is invertible

for sufficiently small Az. For this, we consider a € R™ \ {0} and denote Zi.\ifl a;p;=:VE H& (Q\{0}and u = Zﬁ\gl u;p;. Then

QT]Rng Z aiajﬁRi(g)zfivz dx + mf)fum_IIVUI2 dx + m(m—l)fyum_zvVV'Vudx
=j —
Q Q

b=l Q =0

Ce 2 m-2 Ce 2 m-2
EEIIUIILZ(Q)+m(m—1)fyu qu-VudxzEIIUIILZ(Q)—m(m—l) ‘fyu vVv-Vudx
Q Q
<y a2 Vul oo @IVVl 2 1012 )
> Se ne C 2, (& ne C 2 0
= A_t I UHLZ(Q) —-m(m-—1) Y,u,Vu poincare” U”LZ(Q) = A_t —-m(m-—1) Y,u,Vu “poincare l U”LZ(Q) >

if At is sufficiently small such that the factor in the final step is positive. We may conclude that all iterations of the Newton
method are well-defined since the system matrix in each step is invertible. Since the matrix inverse is a continuous operation
for non-singular matrices, see [8, Example 6.2.7], and the Jacobian is continuous with respect to ¢, its inverse also continuously
depends on €. Mathematical induction yields the continuity of all Newton iterates gg] with respect to € for any finite £ € N,
since each step only involves continuous operations. O

Note that if the initial guess is chosen such that the Newton method converges, the scheme reaches a prescribed accuracy
within finitely many steps.
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