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Abstract: Inverse boundary value problems aim to in-
fer a material’s properties from boundary measurements.
This article addresses an inverse problem for the porous
medium equation, focusing on determining two coeffi-
cients characterizing the medium’s diffusivity and poros-
ity. As this problem has mainly been discussed in theory,
a main contribution is the development of efficient nu-
merical approaches for solving this problem. Based on
the Dirichlet-to-Neumann map’s injectivity, the diffu-
sion coefficient’s inversion can be related to the Calderon
problem, leveraging its favorable properties. A key advan-
tage of the proposed method is the decoupled inversion
approach: After inferring the diffusion coefficient, the
original problem only has to be solved for the porosity
coefficient which can be done using a Bayesian inversion
approach. This article lays the foundation for develop-
ing numerical methods solving the considered problem,
highlighting the benefits of the decoupled strategy. Nu-
merical frameworks are established for both the classical
and Bayesian inversion of the diffusion coefficient. In
the classical setting, noise-free measurements lead to a
well-posed inverse problem. For noisy data, the Bayesian
inversion maintains the problem’s well-posedness.

Keywords: inverse-problems, porous-media,
Dirichlet-to-Neumann-map

1 Introduction

In many scientific fields and real-world applications, it
is crucial to obtain information about quantities that
cannot be observed directly but are connected to ob-
servable quantities through physical, biological or other
processes. Inverse problems exploit this connection,
also called the forward model, to infer the unobservable
quantity of interest from available observations. An im-
portant example of such a forward model is the porous
medium equation (PME). We consider the space time
cylinder Qr := (0, T) x Q and its hull S; := (0, T) x 6Q
where 0 < T < oo and Q = R" is a bounded, smooth
domain with n > 2. In the following, we denote S; :=
[0, T] x 0Q if T < oo and S, := [0,00) x dQ if T = co. Fur-
thermore, we set L*(Q;) = L*((0, T) x Q) = L*((0, T)) ®
I? (Q), where ® represents the Hilbert space tensor prod-
uct. The PME is defined as

€(x)0,u(t,x) V- (y(x)Vu™(t,x)) =0, (t,x) € Qr,
u(0,x) =0, xX€Q,
u(t;x):(p(tyx); (tyx)EST)

1)
with exponent m > 1, gradient operator V = V. and non-
negative boundary condition ¢ € C(S;) N C™(Sy). It
is a degenerate parabolic type quasi-linear equation
whose solution often represents a density in physical
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contexts. For the existence and uniqueness of weak
solutions u € L*°((0, T)) ® L°(Q) of the PME, we refer
to [7]. The behavior of the solution is governed by two
coefficients €,y € C*°(Q) characterizing the porosity and
the diffusivity of the medium. They are assumed to be
bounded with a strictly positive lower bound. In general,
the degeneracy of the PME poses a significant difficulty,
both theoretically and numerically, as it prohibits the
application of many standard results and techniques
for parabolic equations, see for example [19, Part III-
VI] or [11]. Our goal in the following is to solve an in-
verse boundary value problem (IBVP) for the PME. IB-
VPs are a special class of inverse problems where the
unknown quantity of interest on the entire domain is
inferred from boundary observations only. In our case,
we aim to reconstruct the unknown porosity and dif-
fusion coefficient € and y from the knowledge of the
Dirichlet-to-Neumann (DN) map

Afyf,”((/)) =0, u" |0, 1)x00> 2)

for suitable boundary conditions ¢ and where 9,, de-
notes the boundary derivative with respect to the out-
wards pointing unit normal vector. The injectivity of
the DN map in the following theorem is an important
theoretical result for the well-posedness of our IBVP and
is based on the approach of Carstea et al. [7].

Theorem 1. Let T = oo and letp € C(S,)) N CP(Sy,),p =
0 be of the form ¢(t,x) = )((t)g(x)% for (t,x) € S, with
g € C*(0Q), g = 0 and an arbitrary but fixed functz’on
X € C°°([0 o0)) which is increasing and fulfills x (t) =
fort < and x(®=1fort=1. IfAP,}IYIE((p) AP*M*E (/))
forall such ¢, thene® =€ andy™ =y.

The proof can be found in the supplementary ma-
terial. In the following, we denote the unknown true
diffusion and porosity coefficients by ¢ and y*. While
the first IBVPs have originally been formulated for ellip-
tic boundary value problems [6], this concept has since
been expanded to various other boundary value prob-
lems, including semi-linear elliptic and parabolic equa-
tions, quasi-linear elliptic equations, degenerate elliptic
equations and the PME, see for example [10], [12], [4]
and [7] , respectively. Numerous approaches for solving
elliptic IBVPs already exist in the literature, including
methods based on scattering transforms, e.g. [9], meth-
ods using integral equations, e.g. [1], and factorization
methods, e.g. [5]. There have also been established re-
construction methods, e.g. [8], and linear-type sampling
methods, e.g. [17], for parabolic IBVPs. Numerical meth-
ods treating the IBVP for the PME are scarce in the exist-
ing literature to the best of our knowledge. We propose a
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numerical approach which decouples the inverse prob-
lem for the diffusion and porosity coefficients, tying the
inversion of the diffusion coefficient back to an elliptic
IBVP. This leads to a significant reduction of compu-
tational effort when solving the IBVP numerically. We
proceed as follows: section 2 focuses on the decoupling
of the inversion tasks. Consequently, we consider the
inversion of the diffusion coefficient in section 3 and of
the porosity coefficient in section 4 separately.

2 Decoupling of Inversion Tasks

Our goal for this section is to identify a new IBVP for
the diffusion coefficient which is independent of the
porosity coefficient and thus enables us to infer both
coefficients consecutively rather than simultaneously.
Assuming the requirements of Theorem 1 are satisfied,
we define the quantity
e hA’iMf(xg ) dt
Alg) = hm , 3)
o [CeTh z x™ () dt

which captures the boundary response corresponding
to the boundary condition g, averaged over time. Ac-
cording to the following lemma, this represents the DN
map of a well-known elliptic IBVP.

Lemma 2. Let the assumptions from Theorem 1 be satis-
1
fied, letp = yg™ be the boundary conditions of the PME

and let the DN map AP ME( xg m) be given. We consider
the elliptic equation

V-(y(x)Vv(x)) =0,
g(x),

x€eq,

4
x€0Q, @

v(x) =

with DN map A, (8) := Y0, Vlsq. Then the quantity from
equation (3) represents this DN map, that is
Ay (8) = A(g). 5)
For the proof, we refer to the supplementary mate-
rial. Note that this DN map is linear and continuous
with respect to the boundary data g, see [7], [16] or [20].
The task to determine the diffusion coefficient from the
knowledge of the DN map A, (g) for suitable boundary
conditions g is also known as the Calderén problem [6].
Similar to the DN map of the PME, the Calder6n DN map
is also injective with respect to y, as proven by Sylvester
and Uhlmann [20]. Figure 1 illustrates the new inver-
sion approach that can be derived from Lemma 2. It
allows us to decouple the inverse problem into two se-
quential steps, recovering the diffusion coefficient first
and the porosity coefficient afterwards. The unknown
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Figure 1 — Decoupled inversion approach.

quantities in each step are highlighted in red. Since
we are able to obtain the Calder6n data from the avail-
able PME data according to Lemma 2, we first solve the
Calderén problem to determine the diffusion coefficient.
Afterwards, we solve the original inverse problem for the
porosity coefficient alone. Through the decoupling of
the inversion tasks and by identifying a less challeng-
ing problem for the diffusion coefficient than the PME
itself, we reduce the computational effort significantly.
In the following, we assume the diffusion and porosity
coefficients to be parametric and that they can be iden-
tified with p-dimensional parameter vectors € € 9, and
Y € 9, respectively. The bounded and closed domains
ée, 2, c R? contain admissible parameter vectors en-
suring the strict positivity of the resulting coefficients.

3 Inversion of Diffusion Coefficient

This section focuses on inferring the diffusion coeffi-
cient y from boundary measurements A, (g) for suit-
able boundary conditions g € C*(3Q). Note that ac-
cording to Theorem 1, our original problem requires the
spatial boundary conditions to be non-negative. The
Calder6n problem is usually formulated for all boundary
conditions g € C*°(0Q). However, due to the invariance
to constant shifts in the boundary data, the statements
employed in the following still hold when only consider-
ing non-negative boundary conditions.

3.1 Data without Measurement Noise

In this subsection, we consider the data space 7, :=

ff(Hé (00Q), H_% (0Q)) and the data y := Ay We seek
to reconstruct the diffusion coefficient causing the data
y based on the relation

y=Z.00, 6)
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with forward response % : 2, — 7,,y — A,. Hence, the
solution of the classical inverse problem is defined as

Y =argmin|[|.%.(¥) - yl, (1)
- 1e2, -

where | - || denotes the operator norm. The injectivity of
the Calderén DN map is essential for the well-posedness
of the classical inverse problem in the following theo-
rem.

Theorem 3. Let Q < R? be a bounded Lipschitz domain
and letw : [0,6] — R be a function with w(a) < |log(a)|_'6
for some B > 0 and 6 > 0 sufficiently small. Then the
classical inverse problem for the diffusion coefficient is
well-posed, that is the minimization problem (7) has a
unique solution and ifIIAy — Ayl is sufficiently small,
the following stability bound holds:

Iy =¥" (g = Coll Ay = Ay 1) < Cllog(l A, — A D] 7P
®)

Proof. The existence and uniqueness of the solution
follow from the injectivity of the DN map. For the proof
of the stability bound, we refer to Barcel¢ et al. [2] O

Similar non-logarithmic results for space dimensions
n = 3 can be found in [13, Section 5.3].

Numerical framework. To formulate a computable
version of the minimization problem (7), we consider a
triangulation Q;, of Q with refinement parameter h >0
and N € N vertices, of which Ny < N lie on the bound-
ary. In the following, we consider the problem only on
Q}, and define the normal vectors in the boundary ver-
tices to coincide with the normal vectors of Q in those
points. We approximate the solution of the boundary
value problem from Lemma 2 using a finite element
(FE) method in the first order linear Lagrange space S,
which is well-established for elliptic problems, see for
example [14, Chapter 3]. The discretized solution can
be represented as

2

UVh =
i

V@i, )

Il
—

with the FE solution vector v := (yi)é\il eR" and {<Pi}£~11
being a basis of hat-functions of S;,. Then we define the
discretized DN map as

A%h(g) =70, vhlth. (10)
Note that this map is also linear and continuous with
respect to g as both of these properties transfer to the
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subspace Sy, (Q,) c H 1 (Qp). Assuming the data are also

discretized as y}, := A+ ,, we obtain the relation

Yh :gh(z*), (11)
where the discretized forward response %, employs the
discretized DN map A, j, instead of A,. Thus, the mini-
mization problem (7) can be discretized as

Y € argmin ||%, (¥) — ypll. (12)
— ZE@Y —

The stability bound from Theorem 3 becomes

Iy = 7" (g, < Clog(I Ay = Ay pll + 1A, = Aoyl
+1Ay = Ay pI)I7F,

(13)
provided that the argument of the logarithm is suffi-
ciently small. The approximation errors || A}, - A%h || and
IIA),* — Ay*,h | tend to zero as h — 0 when considering a
family of quasi uniform triangulations as the FE solution
v}, converges towards the weak solution v, see [3, Chap-
ter 2.7]. Our numerical approach to solve the inverse
problem aims at minimizing the term || Ay,h — Ay*yh I. As
the operator norm is not numerically accessible, we de-
rive an upper bound in the following which we minimize
instead. For this, we approximate the boundary data

NB
§~8hi=) 8, (14)

j=1

with the coefficient vector g := (gj)j.vj1 e R™s for the

representation with respect to the basis {¢; ].le of hat-
functions restricted to the boundary 0Q,,. As the dis-
cretized DN map is linear and continuous with respect
to g, the following estimate holds:

”A%h (g) - Ay,h(gh)”Lz(Qh) = ”Ay,h ” ”g_ 8&h ”Lz(Qh)' (15)

The first factor is finite for every 2 > 0 and cannot grow
arbitrarily large since ”Ay,h [I= ||Ay|| < ”Ay,h —AYII —0as
h — 0. The second factor represents the approximation
error between the boundary data and its interpolation in
the corresponding FE space. We consider the discretized
operator norm

”Ay,h_A)/*,h”h = sup

” (A}/h‘h_A}/*‘h)(gh) ”Lz(th))
18412 00, =1

(16)
which we can bound from above according to the fol-
lowing lemma.

Lemma4. Let{( j}j.vfl be the nodal FE basis at the bound-

ary. Let /l};nin > 0 be the smallest eigenvalue of the mass
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matrix M := (((i)i,(i)j))i.vj?zl. Then we obtain
1 N
Ay h = Ay pllp = N Zl 1Ay = Ay W@ 1250,
min J=

(17)

The proofis provided in the supplementary material.
Note that /1},’7”- ,, might decrease when refining the grid
but is independent of the choice of the diffusion coeffi-
cient. Thus we may omit this positive scaling constant

during the minimization.

Definition 5. Let us denote gﬁ{ (1) == Fp(n)(@;) and
yﬁ = yp(@;) for j =1,..,Ng. We consider the target
function f, : 2, — Ry which is defined as

NB . .
) =2 17 1) = Vil 200,)- (18)

j=1

Then ¥ € 9, is a solution to the discretized inverse prob-
lem for the diffusion coefficient if it satisfies
f,(7) = minf§,, (7). (19)

—_ ZEQ}' —_
If the domain 2, is compact, then there exists a so-
lution of the minimization problem (19), however we

cannot guarantee uniqueness and stability anymore in
the discretized setting.

Implementation. The two main tasks are computing
evaluations of the target function f}, and solving the cor-
responding minimization problem. Our implementa-
tion uses the open-source finite element library FEniCS
Project ', We construct the triangulation Q;, by defin-
ing a triangular mesh with resolution r, > 0 % on the
polygonal approximation of Q c R* with N, boundary
segments. This mesh can be generated using the CGAL 3
algorithm. We define a linear Lagrange FE space on this
mesh. For evaluating the target function, the evalua-
tions of the forward response 9}{ ,j=1,..,Ngneed to
be computed. To render these evaluations more effi-
cient, we employ an offline-online decomposition. The
offline phase is executed once prior to the actual inver-
sion process and precomputes all reusable, parameter-
independent components. During the online phase, the
remaining parameter-dependent quantities are com-
puted for a given parameter vector. The key advan-
tage of this approach emerges when the target func-
tion needs to be evaluated multiple times for varying

'FEniCs Project: https://fenicsproject.org
Notation from FEniCS mshr, larger values yield finer meshes.
3The CGAL Project: https://doc.cgal.org.
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parameter vectors since it reuses precomputable com-

ponents. Assuming the parametric diffusion coefficient
; = AP

can be rgpresented by the set of functions {@} =1’ that

isy=%,_ Y, Pi we obtain fory € 2,:

) p N .
g}{(z):(g Y, (pk)'th(i:ZI ! Yplog,m ). @0)

We mark the quantities which can be precomputed dur-
ing the offline phase in darker gray while the lighter gray
boxes mark the parameter-dependent quantities. The
outwards pointing normal vector n on the boundary
0Q, is piecewise constant and we obtain the gradient
of the hat functions via automatic differentiation pro-
vided by FEniCS. Note that the inner product with the
normal vector n automatically performs the restriction
to the boundary 0Q,,. Furthermore, the restriction of
the diffusion coefficient to the boundary is incorporated
automatically during the construction of the target func-
tion when computing the I? (0Qy,)-norm using FEniCS’s
built-in numerical integration. The FE solution vector
gj € RY can be determined by solving the linear system
Ay gj = Qj where the matrix A, is given by

5
(AY)l,i 1={ b

, if / on boundary
Jo, YV¢i Ve, dx otherwise

21

forl,i=1,..,N and Qj is the j-th unit vector due to
{@ j}j.vjl being nodal. As the boundary value problem is

elliptic, there exists a unique solution yj . Furthermore,
we also consider an offline-online decomposition for
assembling the system matrix. For this, we precompute
the parameter-independent matrices
N
A= (f PrVe; 'V<Pl)l’l.:1’ (22)
Qn

for k=1, .., p using standard DOLFIN * functions. Dur-
ing the online phase, a preliminary representation AY
of the system matrix A, before enforcing the boundary
conditions can be computed as

p
A=) vy, A (23)
k=1
Based on this, the true system matrix AY can be obtained
using built-in functions provided by DOLFIN. Since the
hat-functions are a nodal basis, we expect the resulting
system matrix A, to be sparse. For numerical efficiency,
we thus convert this matrix into SciPy’s > compressed

*DOLFIN: Part of the FEniCS Project’ .
5SciPy: https://scipy.org
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sparse column (CSC) format. To solve the linear sys-
tem efficiently, we employ the LU-decomposition of the
sparse system matrix and then solve the system using
the supernodal sparse LU algorithm provided by SciPy.
We precompute the data yﬁ = 9’}{ (y") for j=1,..,Ng
during the offline phase. Algorithm 6 summarizes our
approach for evaluating the target function at a given
parameter vectory € 2,. The offline and online phases
are highlighted again in dark and light gray, respectively.
During the inversion process, we minimize the target

Algorithm 6 (Target function evaluation).

1: initialize mesh, FE space S;,, functions @, ..., ¢
2: determine and store n for all facets
3: assemble b’ and A, for j=1,..,Ng,k=1,..,p

p

For given parameter vector y do:

1: sety:= Zzzlzk(ﬁk and fh =0

2: assemble A, and compute LU-decomposition
3: for j = 1,...,NB do.

4:  solve A v/ = b’

5:  compute fﬁ{ (y) based on y and gj

6:  compute :=|Z (1)~ ¥l 200,
7:  update fh+ = fj
8: end for

function which leads to a constrained p-dimensional
minimization problem. We expect the computational
cost to increase drastically with increasing parameter
space dimension p. For solving the minimization prob-
lem, we consider SciPy’s 1-BFGS-B method which is a
gradient-based Quasi-Newton method. Since we do
not provide an analytical gradient of the target function,
SciPy approximates this gradient numerically employ-
ing a two-point finite difference scheme. Furthermore,
box constraints can be imposed, ensuring that we re-
strict our search to the domain of admissible parameters
if 2, is a p-dimensional box.

Numerical results. All numerical experiments are
conducted on an AMD Ryzen™ 5 5625U processor with
16.00 GB installed RAM and twelve logical processors.
When parallelization is possible, we conduct experi-
ments on six of the processors. We consider Q < R
to be the unit disc and define two meshes covering this
domain. Mesh A has N, = 30 boundary segments and
the resolution r, = 6.50, leading to N = 100 vertices of
which Ny =30 are on the boundary. The specifications
for mesh B are N, = 35,7, =15.33, N =500 and Ny = 70.
In the following, we consider the diffusion coefficient

YOO =Y, +Y, 50 (24)
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for x = (xl,xZ)T € R? with the parameter vector y :=
(yl,)/z)T €R?. Furthermore, we set @Y :=[0.1, 10.0]2 and

y* = (1.0,2.0)T. Throughout this section, we generate
the measurement data for the Calderén problem sepa-
rately from the measurements regarding the PME. Fig-
ure 2 illustrates the unknown diffusion coefficient y*.
The initial guess for the 1-BFGS-B method is generated
randomly from the uniform distribution on 2, and we
use an error tolerance of 1 x 10, For better compari-
son, we use the same initial guess for the experiments
on both meshes. Table 1 contains the corresponding
numerical results rounded to four decimal points and
the computation time. We observe that our scheme is
able to reconstruct the parameter vector accurately up
to the considered precision.

Table 1 - Classical inversion of diffusion coefficient.
MeshA  MeshB
1.0000) (1.0000)

2.0000 2.0000
7.74 20.23

Experiment

reconstructed y (

time [s]

Overall, we have seen that the infinite-dimensional in-
verse problem from Equation (7) is well-posed. However,
well-posedness cannot be guaranteed for the discretized
version. In the following, we aim to introduce some mea-
surement noise to our data, introducing further uncer-
tainties in our model. Thus, we turn to Bayesian inver-
sion to obtain a well-posed discretized inverse problem
even with noisy data.

3.2 Data with Measurement Noise

When working with noisy data, the injectivity of the
Calderén DN map does not necessarily guarantee the

Diffusion Coefficient

3.0

—0.5 0.0 0.5 1.0
]

Figure 2 — Quadratic diffusion coefficient.
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well-posedness of the classical inverse problem any-
more, even before discretization. Therefore, we consider
a Bayesian inversion approach in this section which ad-
dresses the uncertainty introduced by the measurement
noise by treating all variables as random variables on
a complete probability space (Q, A,[P). Their distribu-
tions reflect the uncertainty in both the data and the
model. In contrast to the classical inversion, the solu-
tion of the inverse problem is no single estimate of the
unknown variable but a probability distribution captur-
ing the full range of possible values and their likelihoods.
Let I : Q — R” denote the random variable modelling
the parameter vector of the diffusion coefficient and
let Y : Q — R™ be the random variable modelling the
measurement data such that

Y=5,0)+E. (25)

The random variable = : Q — RM represents the inde-
pendent measurement noise with distribution P;. We
consider the discrete data space 7), := RM with M :=

Ng(Ng —1) and the forward response %, : R — RM
with Nt
(Ay,h((i’l)(xm))mil

Fyly) = : :
(Ayp@n,) o))

where {xm}gi ;1 are the midpoints of the boundary facets
of Q,,. We emphasize that this forward map is already
discretized. In contrast to section 3.1, the subscript b
does not represent a refinement parameter but merely
indicates that the quantity is used in Bayesian inversion.
Note that we only lose information through the point
evaluations of the diffusion coefficient as the remaining
terms of the discretized DN map are constant within
each boundary facet. The Bayesian inversion idea illus-
trated in Figure 3 can be summarized as follows: We
start with an initial belief about I which is encoded in
the prior distribution P,. This belief is updated by addi-
tional information obtained via the observation Y = y
of the measurement data and encoded in the posterior
distribution . The posterior distribution represents
the solution of the Bayesian inverse problem and can
be characterized using Bayes’ theorem. In the following,

(26)

Prior Belief Observation Posterior Belief
I'~Py Y=y LYy =y~p,

Figure 3 — Bayesian inversion idea.

we assume [' and = to be absolutely continuous with
respect to the Lebesgue measure. The Radon-Nikodym
theorem yields the existence of probability density func-
tions p; and p,), respectively.

@) |
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Point Interval

estimates estimates

MAP
estimate

Conditional HPD
mean credible set

Figure 4 — Overview of considered estimates.

Definition 7. Let2, c R” be a compact domain of ad-
missible parameter vectors, |2,| > 0 and let the obser-
vation Y = y be given. We consider a uniform prior
on 2, and Gaussian noise with covariance o’L,o* > 0.
Then the solution to the Bayesian inverse problem is the
posterior distribution with density

1 1 )
oY1) = - exp- Iy =FypIDeor),  @7)

y
for almost all y € R” and with a suitable normalizing
constant ©,, > 0.

This inverse problem is already discretized and thus
computable in practice. The problem’s well-posedness
remains to be examined.

Theorem 8. The inverse problem from Definition 7 is
weak, Hellinger and total-variation well-posed. For any
1 < & <o, it is also Wasserstein(<?) well-posed.

Proof. As the forward response &, is continuous with
respect to v, it is also measurable. For the proof of the
continuity, we refer to the supplementary material. Fur-
thermore, the uniform density on the compact domain
2 has a finite &-th moment for any 1 < & < co. Latz
[15] yields the asserted well-posedness statements. [

Estimates. In contrast to the classical inversion, we
are able to obtain two fundamentally different types of
estimates: point estimates and interval estimates. While
point estimates yield a single vector containing a reason-
able reconstruction of the unknown parameter vector
v*, interval estimates provide regions which contain the
unknown parameter vector with a certain probability
according to our stochastic model. Figure 4 contains the
estimates which we consider in the following. For the
point estimates, we consider the maximum a posteriori
(MAP) estimate which is defined as

(28)

Yapap € 21820, D)
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and the conditional mean (CM) which is given by

Yoy = EHEY =y1= fZPy(Z) dy. (29)
RP

In our case regarding the Bayesian inversion of the dif-
fusion coefficient, both a CM and MAP estimate exist
due to the continuity of the posterior density within the
compact support and the fact that the prior has a finite
first moment. To avoid the potentially high-dimensional
integration for the CM, we consider the Monte Carlo es-
timator

1 Ni-l
LpeN = > T, (30)
s n=0
to approximate y __ where (EH)QEBI is a sequence of
N, e Nindependent copies of the random vector I'|Y =
y- The Monte Carlo estimator converges [P, -almost
surely to the CM for N, — oo. This follows from the
strong law of large numbers. As the posterior has a finite
1

second moment, the convergence rate is N, 2. We can
obtain sample based realizations of the Monte Carlo es-
timator by drawing N, samples {Zn}ivi;l c R” from the
posterior and computing the sample mean. This can be
done using Markov chain Monte Carlo methods such as
the Metropolis-Hastings algorithm which allows sam-
pling from the posterior without explicit knowledge of
the normalizing constant ©,,. For the interval estimates,
we consider the highest posterior density (HPD) credi-
ble set which is defined for the credibility 1 —a, a € (0,1)
as

E,:={yeR’:p,(p) zx(@)}, BD

with (@) > 0 being the largest constant such that the
set E,., satisfies the following condition:

P, (E,)=1-a. (32)

It provides the smallest region which contains the un-
known parameter vector y* with a certain credibility.
This means that according_to our stochastic model, the
posterior distribution assigns this region the probability
1—a. If the posterior density is free of constant plateaus,
then the HPD credible set is unique. Figure 5 shows the
95% credible set for an exemplary real-valued random
variable with a bimodal probability density. For approxi-
mately Gaussian posteriors, we propose a sample-based
approximation of the HPD credible set as

By ={yer’:(7-7)"s!

(F-y)=e.a-m}, (3
L L L Ay
where § and £ are the sample mean and covariance,

respectively, and <I);2 denotes the generalized inverse
p

of the xz distribution with p degrees of freedom. To
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95% HPD Credible Set

density

credible set

Density

Figure 5 — Exemplary 95% HPD credible set for bimodal
probability density.

improve the readability, we omit the dependence on the
number N, of samples in our notation. If the posterior
is exactly Gaussian, then the credible ellipsoid fulfills

P,yeE,)—1-a for N;—oo. (34)
The proof mainly relies on the fact that the squared
Mahalanobis distance asymptotically follows the X?g-
distribution and that the empirical distribution con-
verges to the posterior provided it is indeed Gaussian.

Implementation. In the following, we focus on the
implementation of evaluating the forward map %, and
computing the point and interval estimates. We do not
discuss the implementation of the sampling method in
detail as there already exists an abundance of compre-
hensive literature, see for example [18]. When evalu-
ating the forward map, we exclusively work with point
evaluations instead of functions, enabling the vectoriza-
tion of our computations and enhancing the parameter
separability. Using the same notation as in the previous
section, our goal now is to compute the evaluations

p N .
:(Z Zk Pr(Xin) )(Z E{ V(X)) Ny )’

k=1 i=1 (35)
for j=1,..,Ngand m=1,.., Nz — 1. Again, the quanti-
ties precomputable during the offline phase are high-
lighted in dark gray and the parameter-dependent quan-
tities which need to be computed during the online
phase are marked by the light gray boxes. The midpoints
Xm,m=1,.., Np—1 and the normal vectors n, := n(x,,)
can be determined via built-in FEniCS operations. For
enhancing the readability of the subsequent steps, we
define the following parameter-independent matrices
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and vectors

D = (@ (x))h_, cRP
Depars = (@1 Py, 1) e RP*WNs=D)

W= (Vo (X)) nx,)) Y, eRY (36)
Yeopars =Wy ¥y, 1) e RN*Ns-1.

To compute V¥, ,;5, We first generate the FE basis func-
tions ¢;,i = 1,..., N explicitly by defining functions in
the FE space whose coefficient vectors correspond to
the unit vectors e;, i = 1,..., N. FEniCS provides access to
the gradients of the basis functions via automatic differ-
entiation but does not allow point evaluations of those
gradients because of the discontinuities at the element
facets. As a remedy, we project each component of the
gradient onto a discontinuous Galerkin space of order
zero in which we are able to perform the desired eval-
uations in the midpoints of the boundary facets. Since
the components of the gradient are locally constant, this
does not change the values of the desired evaluations.
Furthermore, we consider the row-vectors A, 4 j :=
(T j1r-r TP jin,—1) € R forming the for-

ward map Fp,(y) := ((Ae,,als,j)T)j.Vf1 e RMWs=D | Thus

we obtain
TP jm= 7 P @) ¥y (37)

If we let the operator ® denote the element-wise multi-
plication of two matrices of the same dimension, then
we get the vectorized formulation

Aevals,j = ZT (Devals © (E])T \Pevals . (38)
Compared to the classical inversion approach, the cur-
rent evaluation-based scheme and the resulting param-
eter separability allow us to shift a major portion of the
required computations to the offline phase. During the
online phase, we only have to determine the FE solution
vector yj for given parameter vector y and boundary
condition ¢ ;. The evaluations of the forward map can
then be obtained by matrix-vector operations. Our ap-
proach is summarized in Algorithm 9.

Lastly, we discuss the computation of the point and
interval estimates. Regarding the point estimates, we
are interested in the CM and MAP estimate. For obtain-
ing the MAP estimate, we maximize the log-posterior
¢, =log(p,) for simplicity, neglecting additive constants.
As before, we employ the 1-BFGS-B method for the nu-
merical optimization and set the box constraints to 2,
assuming it is a p-dimensional box. For the CM, we
draw samples from the posterior distribution via the
random-walk Metropolis-Hastings algorithm, testing
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Algorithm 9 (Forward map evaluation (%,)).

initialize mesh, FE space S;, and DG space Spg
initialize functions @5, ..., @ p

determine x,, andn, form=1,..., Ng—1
compute W, ;s and @4

assemble Qj and A, for j=1,..,Ng,k=1,..,p

For given parameter vector y do:

1: compute Vi ZTd)emls

2: assemble A, and compute LU-decomposition
3: forj=1,..,Ngdo

4 solve A, yj = Qj

5 compute Aevuls,j =Yera © (E])T\Pevals

6 store corresponding elements in %, (y)

7: end for B

different proposal covariances and selecting a suitable
burn-in phase. These samples can then be employed to
obtain a realization of the Monte Carlo estimator which
approximates the CM. Python’s multiprocessing” mod-
ule allows us to generate multiple realizations of the
Monte Carlo estimator in parallel. The generated sam-
ples can also be used to obtain approximations of the
HPD credible sets. In the following, we restrict our con-
siderations to the case p = 2 for simplicity but higher
dimensions of the parameter space are also possible.
For deriving a more convenient representation of £,,
from equation (33) in practice, we consider the eigen-
decomposition $7l=0QA SQT of the inverse sample co-
variance matrix where A = diag(/lfl,lz_ 1) and Q con-
tains the eigenvectors of the sample covariance matrix.
Here, 11,1, > 0 represent the eigenvalues of the matrix
$. Through this eigendecomposition and a coordinate
transform to a system with origin at the sample mean y
and coordinate axes corresponding to the eigenvectors
contained in Q, we can conclude: The approximate HPD
credible set is an ellipse with main axes corresponding
to the eigenvectors of the sample covariance matrix and
center y. Its main axes have the length (/l,-(D;% (1- a))%
for i = 1,2. Both the eigenvalues and the eigenvectors
of the sample covariance matrix can be calculated us-
ing standard NumPy linear algebra functions. We use
SciPy’s inverse cumulative distribution function to de-

termine the value <I>;2 (1-a).
p

Numerical results. We repeat our previous numerical
experiments in the Bayesian inversion setting. Thus we
consider the same diffusion coefficient and the same
domain 2, as before but we generate noisy data with

6https: //docs.python.org/3/library/multiprocessing.html
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a variance of ¢ = 0.1. Our goal in the following is to
compute the sample based approximations of the CM
estimate and the HPD credible set. For enhancing the
numerical stability, we consider the log-posterior for
the random-walk Metropolis-Hastings algorithm and
we generate the initial state randomly from the uniform
distribution on 2,. We employ the same initial state
for the experiments on both meshes. The proposal co-
variance alzmpl for the random walk, the length of the
burn-in phase and the number of generated samples
for the experiments on both meshes can be found in
Table 2. It also contains the approximation of the CM
which is a less accurate but still reasonable reconstruc-
tion of y* than in the previous experiments. This is to be
expected due to the introduced measurement noise. Fig-
ure 6 shows the approximate 95% HPD credible sets for
the experiments on both meshes. Increasing the mesh
refinement seems to decrease the set’s size significantly,
indicating a lower uncertainty in our second estimate.

In conclusion, we have formulated a discretized in-
verse problem which incorporates both measurement
noise and prior information and is well-posed with re-
spect to certain metrics. Thus we can reconstruct the
diffusion coefficient once we have obtained the required
boundary data according to Lemma 2. Having obtained
estimates of the diffusion coefficient, we move on to
the inversion of the porosity coefficient in the following
section where we may treat the diffusion coefficient as a
known quantity. Thus, we only have to solve the original
IBVP based on the PME for the porosity coefficient and
not for both coefficients simultaneously.

4 Inversion of Porosity Coefficient

Having examined different approaches for the inversion
of the diffusion coefficient in the previous section, this
section focuses on the inversion of the porosity coeffi-
cient. A particular advantage of our overall strategy is
the decoupling of the inversion of the coefficients y and
€. Therefore, we may assume in this section that the

Table 2 - Bayesian inversion of diffusion coefficient.

Experiment MeshA  Mesh B
Throp 1x107° 1x107°
length of burn-in 1000 1000
number of samples 10000 10000
acceptance rate 0.58 0.16
reconstructed y (1'0423) (0'9929)
= 1.9896 2.0010
time [s] 19.37 105.07
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Figure 6 — 95% credible sets for the diffusion coefficient.

diffusion coefficient is already known. While we are able

to work with the Calderén DN map A, for the diffusion

coefficient, we must now consider the DN map AP ME

based on the PME which is a time-dependent degener-
ate parabolic problem instead of an elliptic one. Unfor-
tunately, this prohibits the use of the well-posedness
results from section 3. In the following, we provide
a method based on the previous Bayesian inversion
framework, highlighting its practical implementation
and computational strategies. We leave the matter of
obtaining theoretical results open for future research.

Numerical framework. We consider the same trian-
gulation Q,, of the spatial domain and the equidistant,
discrete time-steps 0 = fp < f; <. <ty = T,Nr €N,
with step size At. Since the DN map is numerically not
accessible, we work with the discretized PME DN map

PME
Acyn @) :=Y0, 14" |10, 17x00, (39)
where the function u, represents a discretized solution
of the PME. To solve the PME numerically, we employ
a finite difference scheme in time and a FE scheme in
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space which is based on the weak formulation
U (%)

feuh(x)
At

Qh

Po+yYVup ()™ Vo, dx=0 (40)

in each time-step f,,n = 1,..., Ny with test functions ¢, €
Cy°(Qy) and separately enforced boundary conditions.
For better readability, we omit the space-dependence of
€, and ¢, in our notation but highlight the fact that the
functions uﬂ = uy(4,,7) forn=1,.., Ny are discretized
in time. As a preparation, we also define the discretized
boundary conditions
1
;= 1P7 (41
for j =1,.., N where {(p] i= , again denotes the basis
of hat functlons on 0Q;,. In the following, we consider
a fixed function y satisfying the assumptions of Theo-
rem 1. In contrast to the Calder6n DN map, the DN map
of the PME is not linear with respect to the boundary
data. Thus, our ansatz does not guarantee a provably
accurate approximation of APME (¢) solely by the span

€,y,h
of {Af:J %f (o ])} e Nevertheless, we choose this strategy
as a practical compromise in view of the computational
complexity of the problem at hand. To obtain a fully
discrete data space, we consider point evaluations on
the shell of the space time cylinder. For the Bayesian in-
version, we model the parameter vector of the porosity
coefficient as a random variable &: Q — R”. The rela-

tion between & and the random variable Y : Q — rRM
describing the data is given by

=Z,(8&+E, (42)
where the random variable = : @ — RM again represents
the measurement noise. We consider the discrete data
space V,, := RM with M := NyN;(Ng — 1) and the for-
ward response %, : R” — RM with

( PME

eyh((pl)(tl» m))NB '

Folo):= | (A IYV’,fupl)(tNT,x ) (43)

( PME

el (¢>NB)(rNT X))ot

with x,m=1,...,
boundary facets of Qy, and #,,n=1,...
crete time steps.

Npg —1 denoting the midpoints of the
, N7 being the dis-

Definition 10. Let 2, < R” be a compact domain of
admissible parameter vectors, |2,| > 0 and let the ob-
servation Y = y be given. We consider a uniform prior
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on 9, and Gaussian noise with covariance 021, o’ >0.
Then the solution to the Bayesian inverse problem for
the porosity coefficient is the posterior distribution with
density

1 1
p,(e) = ayexp(—?n V=Z.©15p(6),  (44)

for almost all € € R” and with a suitable normalizing
constant ©,, > 0.

Theorem 11. Let m € N be an odd number, let the numer-
ical solution of the PME in each time step be obtained us-
ing the Newton method and let the initial guess be chosen
such that the Newton method converges. If the time step
size At is sufficiently small, then the numerical scheme is
well-defined and the inverse problem from Definition 10
is weak, Hellinger and total-variation well-posed. For
anyl <P < oo, it is also Wasserstein(2?) well-posed.

Proof. Inthe supplementary material, we prove that the
numerical scheme is well-defined and that the forward
response &, is continuous with respect to €. The remain-
ing proof is analogous to the proof of Theorem 8. O

To obtain point and interval estimates regarding the
unknown parameter vector €, we proceed analogously
to section 3.2 but consider the new forward response
%,. For the sample-based approximations of the CM
and HPD credible set, we again draw samples from the
posterior using the random walk Metropolis-Hastings
algorithm with proposal covariance Uf,ropl, Uf,mp > 0.
Implementation. For simplicity, we restrict our con-
siderations to the exponent m = 3 in the following im-
plementation. Other exponents are also possible and
would require an element-wise exponentiation with m—
1 instead of the element-wise squaring used in the sub-
sequent derivations. Similar to before, we assume the
porosity coefficient to be of the form € = ZZ:I €9 with
a suitable set of smooth functions {¢ k}Z:y For evalu-
ating the forward map %, in some € € &, we need to
compute the evaluations

Fol®) jmgm = Mo (D) (L, )

) (45)
=3y (X)) U (5, X)) "V, (8, X)) -y,

for j=1,..,Ngn=1,..,Nrandm=1,..,Ng—1. As
before, our goal is to formulate an approach based on
an offline-online decomposition. Reducing the com-
putational effort of the online phase is particularly im-
portant as we need to solve Ny nonlinear systems of
equations for each evaluation of the forward map which
is expected to increase the complexity significantly. For
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better readability of the following steps, we introduce
some notations. The discretized solution u;, of the PME
with boundary condition ¢; is of the form

N
U (ty,) = ) ul " ; (), (46)
i=1

. i j,n
where the coefficient vector u/" = (1™}, e RV corre-

sponds to the FE solution vector in the n-th time step
with boundary condition ¢;(t,,). We collect evalua-
tions of reusable components in the vectors and matri-
ces

Dypais = ((Dl"“’CDNB—l) EIRpXNB_I»
Y o= N N (47)
Yeopals = (\Pl,...,\I’NB_l) e RV*Np—1.

Since we assume that the diffusion coefficient y is al-
ready known from previous experiments, we incorpo-
rate its evaluations in the vector ¥, and we denote
Ym = Y(xy). In addition, we also define the matrix
gf = (gj’l, ...,gj’NT) e RV*Nr consisting of the FE solu-
tion vectors of all time steps. Finally, we denote by ® the
element-wise multiplication and by (-)02 the element-
wise squaring of two matrices or vectors. Hence we
obtain

L 2( Sk in
ge(g)j;n;m:?’(z‘,ﬂiy (pi(xm)) (Ym Zﬂi' V(pi(xm)'nm)
i=1 i=1

3(@qu”™) Waul™

(48)
Considering multiple boundary facet midpoints at once,

-1\ T SN
we define AL (@) = ((Fe(© jum)nty') € RN
which is given by

A2 n @) =3(() @ uars) 0 (@) Wepars). @49)

N
evals,j * n=

We identify APME . (A?}Y’h(cpj)) _Tl e RV Ne~1 \yith

g o2 o
AIeD%IIEs,j = 3( (Q])T q)evals ) Q( (QJ)T \Pevals )
(50)
as the vectorized components of the forward map. The
quantities marked by the dark gray boxes can be pre-
computed during the offline phase. Only the FE solution
vectors forming the matrix U i depend on the values of e
and need to be computed during the online phase. For
generating the functions ¢;, j = 1,...,, N explicitly, we
extract the indices of the vertices on the boundary and
generate functions from the FE space S, (Qy,) whose co-

efficient vectors are the unit vectors corresponding to
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these indices. The restriction to the boundary is per-
formed automatically in FEniCS when enforcing the
boundary conditions. The main task of the online phase
for evaluating the forward response %, is to determine
the FE solution vector for each boundary condition and
each time step. In contrast to the Calder6n PDE, the
PME is a nonlinear equation. Thus, in each time-step a
nonlinear system of equations needs to be solved which
is computationally more expensive than solving a lin-
ear system. To do so, we employ the built-in Newton
solver provided by FEniCS. Note that for computing the

Algorithm 12 (Forward map evaluation (£,)).

initialize mesh, FE space S, and DG space Spg
assemble functions @,,..., @y,

compute evaluations y(t;), ..., x(tn,)
determine x, andn,, form=1,.., Nz -1
compute ¥, ;45 and DPepais

For given parameter vector € do:
1: assemble € = Zzzl €Dk

2: forj=1,..,Ngdo

33 forn=1,..,Nrdo

4 determine u/"

5 store corresponding elements in U i

6: end for o

7 set Afa)%lli,j :3((Q])Tq)evals) © ((QJ)T\Pevals)
8 store corresponding elements in &, ()

9: end for

forward response %, (¢) for given parameter vector €, we
do not only have to iterate over all boundary conditions
$j,j=1,.., Ng butalso over all time steps which leads
to a nested loop. This further contributes to the increase
of computational effort when evaluating the forward
response &,. For obtaining point and interval estimates,
we proceed analogously to the previous section using
the forward response %, instead of &;,. One major dif-
ference is that for the numerical approximation of the
MAP estimate, we employ SciPy’s gradient-free Powell
minimization method instead of the I-BFGS-B method
to enhance the numerical feasibility. Apart from this,
we may reuse the implementation regarding the sam-
ple generation and approximation of the CM and HPD
credible ellipse.

Numerical results. For our experiments regarding
the porosity coefficient, we set T = 1.5 and consider a
coarser mesh A and a finer mesh B using the spatial
meshes A and B, as well as Ny = 20 and Ny = 30 time-
steps, respectively. In the following, we choose the time-
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Table 3 — Bayesian inversion of porosity coefficient.

Experiment Mesh A Mesh B
proposal covariance 1 x 1073 1x1073
burn-in 1000 1000
number of samples 10000 10000
acceptance rate 0.93 0.89
reconstructed € (1 '7284) (2'2 149)
- 5.5010 4.9451

time [s] 54475.97 358168.65

dependent part of the boundary conditions as

0 r<0.5,
x() =1 0.5sin(27(1-0.75)) +0.5 t€(0.51), (51)
1 r=1.

Although this function is not an element of C*°([0,00)),
which is theoretically required for the injectivity of the
DN map in Theorem 1, this does not affect our approach
since y only enters through evaluations in the discrete
time steps f;,..., ;. We consider the porosity coeffi-
cient

e(x)=¢€,+ gzxf (62)

for x = (x, xz)T € R? with true parameter vector € =
(2.0,5.0)T. The resulting porosity coefficient e* is de-
picted in Figure 7. Furthermore, we set Z,. := [1.0,4.0] x
[3.5,6.5] and we assume the diffusion coefficient to be
known from our previous experiments. Similar to before,
we consider the noise variance to be ¢* = 0.1 and em-
ploy the random walk Metropolis-Hastings method for
the sample generation. The remaining specifications of
the experiments are given in Table 3 which also contains
the resulting approximated CM estimate. Compared
to the previous experiments, we observe a decreased

Porosity Coeflicient

1.0 7
6

0.5
5

g 00
4

—0.5
° 3
2

Figure 7 — Quadratic porosity coefficient
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accuracy of our reconstructions of ¢*. This may be at-
tributed to the problem being more challenging or to a
slower convergence of the Markov chain. Furthermore,
the computation time is also significantly higher which
is to be expected as the forward map is more expensive
to evaluate, see Algorithm 12. Figure 8 shows the ap-
proximated 95% HPD credible sets for the experiments
on both meshes. The set’s size decreases when refining

Credible Set for Mesh A

6.51 ¢ZZ> Credible Set
e  Sample Mean
6.0 <
5.57
3l
5.0
4.5
4.0
1.5 2.0 2.5 3.0
€
Credible Set for Mesh B
6.51 «ZZ> Credible Set
e  Sample Mean
6.01 -
5.51
S
5.0
4.5
4.0

Figure 8 — 95% credible sets for the porosity coefficient.

the mesh, indicating lower uncertainty in this estimate,
and the reconstruction of ¢* becomes more accurate
which is consistent with expected convergence trends.
Overall, we observe a substantially longer computation
time which emphasizes the practical benefits of our de-
coupled inversion strategy, avoiding the simultaneous
sampling of both the porosity and diffusion coefficient.

5 Summary

We have formulated a novel inversion strategy which
decouples the inversion of the diffusion and porosity
coefficient and relates the inversion of the former to
the Calderdén problem. Exploiting the properties of the
Calderén problem, we have derived a classical inverse
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problem for noise-free data which is well-posed prior
to discretization. To incorporate measurement noise,
we have considered a Bayesian inversion approach. The
resulting discretized inverse problem is well-posed with
respect to certain metrics and allows for uncertainty
quantification. A practical advantage is the possibility to
vectorize the problem and to apply an offline-online de-
composition. We also have transferred the Bayesian in-
version setting to solve the original IBVP for the porosity
coefficient, although the well-posedness of this scheme
is yet to be fully explored. While our approach lays the
foundation for solving the IBVP for the PME numerically,
it serves as an initial framework which can be refined
and extended in several areas to improve its reliability.
This includes examining the Calder6n data generation
from lemma 2 for finite times T < co, examining trian-
gulations of the space domain Q better capturing the
smooth boundary and exploring alternative, established
solvers for the PME. Furthermore, we could drop the
assumption that € and y are parametric and instead ap-
proximate them in a suitable finite-dimensional space,
introducing an additional approximation error.

Code Availability: Both, the IIX source code as well
as the python-script for the simulation, are available as
supplementary material and can be obtained under the
DOI: 10.5281/zenodo.17140634

Supplemental Material: This manuscript contains a
Supplemental Material appendix.
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